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§1. Introduction

Fluid mechanics concerns the study of the motion of fluids (in general liquids and gases) and
the forces acting on them. Like any mathematical model of the real world, fluid mechanics
makes some basic assumptions about the materials being studied. These assumptions are
turned into equations that must be satisfied if the assumptions are to be held true. Modern
fluid mechanics, in a well-posed mathematical form, was first formulated in 1755 by Euler

for ideal fluids.

Interestingly, it can be shown that the laws of fluid mechanics cover more materials than
standard liquid and gases. Indeed, the idea of exploiting the laws of ideal fluid mechanics to
describe the expansion of the strongly interacting nuclear matter that is formed in high
energetic hadronic collisions was proposed in 1953 by Landau. This theory has been
developed extensively in the last 60 years and is still an active field of research. This gives a
very simple 3-steps picture of a non-trivial phenomenon observed in hot nuclear matter after

the collision of high energetic heavy ions, composed of a large collection of charged particles.

(D) After the collision a nuclear medium, a zone of
high density of charges, is formed with high

pressure in the middle (center of the collision).

(ii) According to the laws of fluid mechanics, as we
shall prove them, this implies that an acceleration
field is generated from high pressures to low

pressures.
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(iii) This implies that particles will flow in a certain
transverse direction, as indicated on the figure.
This is known as the transverse flow property,

well established experimentally.

We come back on these ideas and their developments in the last section of this document. It
requires a relativistic formulation of fluid mechanics. Up to this section, we always assume

that the dynamics is non-relativistic.

§2. Continuum hypothesis

Fluid mechanics is supposed to describe motion of fluids and related phenomena at
macroscopic scales, which assumes that a fluid can be regarded as a continuous medium. This
means that any small volume element in the fluid is always supposed so large that it still
contains a very great number of molecules. Accordingly, when we consider infinitely small
elements of volume, we mean very small compared with the volume of the body under
consideration, but large compared with the distances between the molecules. The
expressions fluid particle and point in a fluid are to be understood in this sense. That is,
properties such as density, pressure, temperature, and velocity are taken to be well-defined

at infinitely small points.

These properties are then assumed to vary continuously and smoothly from one point to
another. Consequently, the fact that the fluid is made up of discrete molecules is ignored. If,
for example, we deal with the displacement of some fluid particle, we do mean not the
displacement of an individual molecule, but that of a volume element containing many
molecules, though still regarded as a point in space. That’s why fluid mechanics is a branch
of continuum mechanics, which models matter from a macroscopic viewpoint without using

the information that it is made out of molecules (microscopic viewpoint).
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§3. Mathematical functions that define the fluid state

Following the continuous assumption, the mathematical description of the state of a moving
fluid can be characterized by functions of the coordinates x, y, z and of the time t. These
functions of (X, y, z, t) are related to the quantities defined for the fluid at a given point (x, y,
z) in space and at a given time t, which refers to fixed points in space and not to fixed particles
of the fluid. For example, we can consider the mean local velocity v(x, y, z, t) of fluid particles
or fluid points, called the fluid velocity, and two thermodynamic quantities that characterize
the fluid state, the pressure p(x, y, z, t) and the mass density p(x, y, z, t), the mass per unit
volume of fluid. Following the discussion of §2, two remarks can be done at this stage:

i.  The fluid is assumed to be a continuum. This implies that all space-time derivatives of
all dependent variables exist in some reasonable sense. In other words, local
properties such as density pressure and velocity are defined as averages over
elements large compared with the microscopic structure of the fluid but small enough
in comparison with the scale of the macroscopic. This allows the use of differential
calculus to describe such a system.

ii.  All the thermodynamic quantities are determined by the values of any two of them,
together with the equation of state. Therefore, if we are given five quantities, namely
the three components of the velocity v, the pressure p and the mass density p, the state
of the moving fluid is completely determined. We recall that only if the fluid is close to
thermodynamic equilibrium, its thermodynamic properties, such as pressure, density,
temperature are well-defined. This requires (as a very former hypothesis) that local
relaxation times towards thermal equilibrium are much shorter than any macroscopic
dynamical time scale. In particular, microscopic collision time scale (between
elementary constituents of the fluid) needs to be much shorter than any macroscopic
evolution time scales. This hypothesis is almost a tautology for standard fluids build
up by molecules at reasonable density, but becomes not trivial in the case of some hot

dense matter state created in high energetic hadronic collisions.
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In the following, we prove that these five unknown quantities describe completely the case
of what we define as ideal fluids, in which we take no account of processes of energy
dissipation. Energy dissipation may occur in a moving fluid as a consequence of internal
friction (or viscosity) within the fluid and heat exchange between different parts of it.
Neglecting this phenomenon, we can find a set of five equations that are sufficient obtain a
closed system: 5 equations for 5 unknown quantities. Interestingly, we can gain some
intuition about the behavior of the ideal flow by expressing in more details its pressure field.
An ideal fluid, in particular, is characterized by the assumption that each particle pushes its
neighbors equally in every direction. This is why a single scalar quantity, the pressure, is
sufficient to describe the force per unit area that a particle exerts on all its neighbors at a
given time. Also, we know that a fluid particle is not accelerated if its neighbors push back
with equal force, which means that the acceleration of the fluid particle results from the
pressure differences. In short, the pressure force can be seen as a global interaction of all fluid

particles.

When the energy dissipation inside the fluid is not neglected, we need to consider also the
internal energy density e(x, y, z, t) and heat flux density q(x, y, z, t) as four additional
unknown functions to be determined by a proper set of closed equations: nine equations are
needed in such cases. This concerns what we define as real fluids. We discuss the case of real
fluids in more details later in the document. However, a few intuitive arguments can be made
with no mathematical formalism. When the energy dissipation is not neglected, this means
that we take into account frictional forces inside the fluid. Their main effect is that they
enhance the local coherence of the flow. They counteract at each point the deviation of the
velocity field from its local average. This means that if a fluid particle moves faster than the

average of its neighbors, then friction slows it down.

When fluid quantities are defined at given fixed points (X, y, z) in space and at a given time t,
we speak of the Eulerian description of the fluid. When fluid quantities are defined as

associated to a (moving) particle of fluid, followed along its trajectory, we speak of the
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Lagrangian point of view. An important notion can be derived from this last view point: the

flow map.

@(.,t)

A fluid particle moving through the fluid volume is labeled by the (vector) variable X (defined
at t=0). At some initial time, we define a subset of fluid particles (of the entire fluid volume)
Qo. The fluid particles of this subset will move through the fluid within time. We introduce a
function ® (X, t) that describes the change of the particle position from the initial time up to
t > 0. The function ®(., t) is itself a vector, with 3 coordinates corresponding to the 3
coordinates of space (®x, @y, P-). This means that we can denote the position of any particle
of fluid at time t by ®(X, t) which starts at the position X at t=0. Then, we can label the new

subset of fluid particles at time t, originally localized in Qo, as:
Qt = {P(X,t) : X belongs to Qo}.

Stated otherwise, the function t = ®(X, t), represents the trajectory of particles: this is what

we also call the flow map. In particular, the particle velocity is given by:

oP
v(x,y,z,t) = __ (X, t) with X, t=0) =X
ot

We can think of )t as the volume moving with the fluid.
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§4. Limits of the continuum hypothesis

According to the continuous assumption (§2), the physical quantities (like velocity, pressure
and density) are supposed to vary smoothly on macroscopic scales. However, this may not
be the case everywhere in the flow. For example, if a shock front of the density appears at
some values of the coordinates at a given time, the flow would vary very rapidly at that point,
over a length of order the collision mean free path of the molecules. In this case, the
continuum approximation would be only piecewise valid and we would need to perform a
matching at the shock front. Also, if we are interesting by scale invariant properties of fluid
in some particular cases, we need to keep in mind that there is a scale at which the equations
of fluid mechanics break up, which is the molecular scale characterized by the mean free path
of molecules between collisions. For example, for flows where spatial scales are not larger
than the mean distance between the fluid molecules, as for example the case of highly rarefied

gazes, the continuum assumption does not apply.

§5. Closed set of equations for ideal fluids
The derivation of equations underlying the dynamics of ideal fluids is based on three
conservation principles:
i.  Conservation of matter. Matter is neither created nor destroyed provided there is no
source or sink of matter;
ii. Newton’s second law or balance of momentum. For a fluid particle, the rate of change
of momentum equals the force applied to it;

iii. ~ Conservation of energy.

In turn, these principles generate the five equations we need to describe the motion of an
ideal fluid: (i) Continuity equation, which governs how the density of the fluid evolves locally
and thus indicates compressibility properties of the fluid; (ii) Euler’s equations of motion for
a fluid element which indicates how this fluid element moves from regions of high pressure
to those of low pressure; (iii) Equation of state which indicates the mechanism of energy

exchange inside the fluid.
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We derive first the expression for the conservation of mass (i). Consider a fluid of mass
density p, fluid particle velocity v and some volume €, fixed in space (i.e. fixed in some
Newtonian reference frame). The mass of the fluid in this volume is| pdV, where the
integration is taken on the volume Q. If the fluid moves, then there is a flow of mass across
each element of surface dX on the boundary of the volume Q, where the magnitude of the
vector dX is equal to the area of the surface element and its direction is along the normal to
the surface. Provided that there are no sources or sinks of fluid, the elementary mass of fluid
flowing in unit time through an element dX of the surface bounding Q2 is pv. dX. By convention
dX is taken along the outward normal, which means that pv. dX is positive when the fluid is

flowing out of the volume and negative for a flow into the volume Q.

The total mass of fluid flowing out of the volume in unit time is thus: § pv. d¥, where the

integration is taken over the whole of the closed surface bounding Q. Therefore, we can write:

d
_fpdV= —fﬁpv.dz,
ot

where — 2 fpdV is the net decrease of the mass of fluid in Q per unit time. Using the Green'’s
at

formula to express § pv.dZ as a volume integral over Q: [ div(pv)dV. We obtain:

f [QQ + div(pv)]dV = 0.
ot

Since this equation must hold for any volume, the integrand must vanish. This gives:

0
_p + div(pv) = 0.
ot

(1)

This is the continuity equation, the first fundamental equation of fluid mechanics. The vector
j = pv is called the mass flux density. Its direction is along the motion of the fluid and its
magnitude equals the mass of the fluid flowing per unit time though a unit area perpendicular

to the velocity of the fluid.
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By expanding div(pv) as (v.grad)(p) + pdiv(v), we can also write this equation as:

0 0
S+ (v.grad)(p) = [+ (v.grad)] (p) = —pdiv(v),

1"
We identify the operator [g_+ (v.grad)] that we define below as the material derivative, or
t

the derivative following the flow.

Before developing some consequences of the continuity equation, we establish the Newton'’s
second law (ii) for some volume Q of the fluid, assumed to be ideal, characterized by its mass
density, pressure and fluid particle velocity. In the absence of external force, by definition of

the pressure, the total force acting on the ideal fluid in volume Q is equal to: — § pdZ.

This last formula represents the integral of the pressure taken over the surface bounding the
volume, with similar conventions as previously defined for the surface element dX. This

surface integral can be transformed to a volume integral over Q: — ¢ pdZ = — [ grad(p)dV.

Thus, the fluid surrounding any elementary volume dV exerts a force —dV grad(p) on that

element. Moreover, from Newton’s second law applied to this elementary volume dV, the

mass times the acceleration equals: pdV dv.
dt

Then, the Newton’s second law of motion for the fluid per unit volume reads:

dv
P ™ —grad(p).

(2)

Here, we need to be careful with the mathematical expression dv/dt. It does not represent
(only) the rate of change of the fluid velocity at a fixed point in space, which would be

mathematically written as dv/ dt.
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Rather, dv/dt is the rate of change of the velocity of a fluid particle as it moves in space (see

§2), called the material derivative, namely:

dv _ [v(x+dxy+dy,z+dzt+dt) —v(xy,z1)]

dt dt

This can be developed as:

dv dx dv dyav dzav av

d
o = (v.grad)(v) + __ v
dt dt ax dt 6y dt 62 ot

ot

There are two terms in the expression of dv = dv. dt: the difference between the velocities of
dt

the fluid particle at the same instant in time at two points distant of (dx, dy, dz), which is the
distance moved by the fluid particle during dt, and the change during dt in the velocity at a
fixed point in space (x, y, z). Combining the vector equation (2) and the expression of the

material derivative, we get:

1

5_V( () } ()

v.grad v =— gradp.
6t+ 8 pg p

(3)

This vector equation (3) represents a set of three equations (in three dimensions of space)
that describe the motion of an ideal fluid, first obtained by Euler in 1755. That's why it is
called the Euler’s equations, the second fundamental set of equations of fluid mechanics (ii).
[t is trivial to expand the vector equation (3) on the 3 Cartesian coordinates of space (x, y, z)

as a set of 3 equations (in a compact form):

dp/ 0x
@ v ? vy 0 1y, 9y vy = — L[9b7 y].
ot ox ay 0z v, P ap/ 0z

If external forces have to be considered these equations become:
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Y+ (v.grad)(yy _ !
__+(v.gra _ -
it V) = 5 grad(p) + 5 Fext.
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Here, Fext can be for example the gravity force pg.

Before continuing the derivation of fundamental equations of fluid mechanics, we give some
hints on how Euler’s and continuity equations can be derived using the notion of flow map
(§4). As we have seen, the flow map is a function ®(X, t) that describes the change of the fluid
particle position X at initial time (t=0) up to t > 0. Then, we have established the following
relations (§4):

v(x,y,zt) = %’(X, t) with ®(X,0) = X.

This means that the acceleration of a fluid particle can be written as:

d d 0 ov, 0
. v(x,t) =_V(<I>(X,t),t) = _v+ {ﬁ bx + )
dt dt ot ox 0ot
We rewrite the last term as:
0
dvxd dox d ddy 0 0Pz = (v. .
Qb 000 04y 0 - 0% v )= (v.grad)(v)
ox ot ot 0x X ot dy vy 0t 0z =
We obtain:

d d ov

_v(x, )= v(®X,t) =+ (v.grad)(v).

dt dt ot
We find again the derivative of the velocity following the flow that leads to Euler’s vector
equations. Similarly, we can use the notion of flow map to write the conservation of mass and
then the continuity equation. We consider fluid particles X initially localized in a subset Qo of

the entire fluid volume. At time t > 0, they are contained in the subset (volume moving with

the fluid):
Qr = {®(X,t) : X belongs to Qo}.
Note that Q¢ is not fixed in space (i.e. not fixed in some Newtonian reference frame), but
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moving with the flow according to the flow map function.
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The conservation of mass can then be written as:

[ p(x,H)dV = p(X,0)dV.
Qt Qo

Since the right-hand side is independent of the time, we can write:

d d
_Jepxndv=_[ p(®Xv),t)dV =0.
dt g dt g

In this expression, the time derivative represents the material derivative, following the
movement of fluid particles. The situation is not that easy a priori as the domain of
integration depends on the time in the above formula. It can be shown that the following
relation holds:

d ap .

_f p(®(X,t),H)dV = [ [ +div(pv)]dV.

dt o, o, Ot

Then, this leads to the continuity equation.

We come back to the Euler’s equations (3). An important vector identity is the following:

% grad(v?) = v x curl(v) + (v.grad)(v).

Then, equations (3) can be rewritten as: 1

av 1 ) () ()

 +ogradv —vxcurl v =—pgradp

ot 2

This expression of equations (3) has many interests that we shall see later. For example, in
the case of constant mass density, taking the curl of this equation makes the gradients
vanishing and we obtain a differential equation involving only the velocity field. Another

interesting physical case appears when curl(v) = 0.
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Then the velocity field can be written as the gradient of a scalar function and the above

expression leads to an interesting simple equation.

In this section we have ignored all processes related to energy dissipation, which may occur
in a moving fluid as a consequence of internal friction (or viscosity) in the fluid as well as heat
exchange between different parts of the fluid. Thus we have treated only the case of idealfluids,
for which thermal conductivity and viscosity can be neglected. With the continuity equation,

the Euler’s equations make a set of 4 equations, for five quantities that characterizethe ideal

fluid (§2).

This means that we are missing one equation, which is coming with the last conservation
principle, namely the conservation of energy (iii). The absence of heat exchange between the
different parts of the fluid implies that the motion is adiabatic: thus the motion of an ideal
fluid is by definition considered as adiabatic. In other words, the entropy of any fluid particle
remains constant as that particle moves in space inside the fluid. We label the entropy per

unit mass as s. We can easily write the condition for an adiabatic motion as:
ds/dt = 0.

This represents the rate of change of the entropy (per unit mass) of a fluid particle as it moves

in the fluid. This can be reformulated as:

ds
__+ (v.grad)(s) = 0.
ot

(4)

This expression is the general condition for adiabatic motion of an ideal fluid. This condition
usually takes a much simpler form. Indeed, as it usually happens, the entropy is constant
throughout some volume element of the fluid at some initial time, then it retains the same
constant value everywhere in the fluid volume, at all times for any subsequent motion of the

fluid. In this case, equation (4) becomes simply: s=constant.
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Such a motion is said to be isentropic, which is what we assume in general for an ideal fluid,
unless stated otherwise. This condition, together with an equation of state for the fluid

provides a relation between the pressure and the mass density, and then the fifth equation:

p=p(p.s).

This allows us to know what happens to the density when pressure changes and
consequently to close the system of equations describing the mechanics of ideal fluids: 5

equations for 5 variables (2 thermodynamic variables and the 3 coordinates of the velocity).

We rewrite the Euler’s equations (3) in case of steady flow, for which the velocity is constant

in time at any point occupied by the fluid:

ov
__=0.
ot
This means that the velocity field is a function only of the coordinates. Taking p = constant

for simplicity, we obtain:

1
_grad(v?) — v x curl(v) = —grad(p/p)
2

(3)

Then, we define streamlines: the tangent to a streamline at any point gives the direction of

the velocity at that point. Streamlines are thus defined by the set of equations:

One interest of steady flow is that the streamlines do not vary with time and thus coincide
with the paths of the fluid particles. Obviously, this coincidence between streamlines and
trajectory of fluid particles does not hold in non-steady flow: indeed, the tangents to the
streamlines give the directions of the velocities of fluid particles as a function of the
coordinates in space at a given instant, whereas the tangents to the path (trajectory) of a

given fluid particle provide the direction of the velocities as a function of time.
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It follows that the quantity vZ/2 + P/p is constant along a streamline, which coincides with
the particle trajectory for steady flow. In general this constant is different with different

streamlines: this is what is called the Bernoulli’s equation.

Ideal fluids present an interesting property: mass and momentum conservation principles
are uncoupled from energy conservation. Indeed, if we consider the entropy to be constant
throughout the fluid, it is not required to consider explicitly the energy conservation to
describe the motion of the fluid. We can show that the relation corresponding to energy
conservation is a consequence of the continuity and Euler’s equations under the condition of
isentropic flow. We consider some volume element Q of the fluid, fixed in space, and we find
how the energy of the fluid contained in this element varies with time. In the absence of

external force, the energy density, per unit volume of the fluid, can be written as:

1
U:Epv2+p€

The first term is the kinetic energy density and the second the internal energy density, noting

€ the internal energy per unit mass.

The change in time of the energy contained in the volume element € is then given by the
partial derivative with respect to time 2/ Uth, where the integration is taken over Q. Then,

following a similar reasoning as for the continuity equation, we can write a general
expression of energy conservation for the fluid in that volume element, namely:

9JUdV = — ¢F.dX = — [ div(F)dV,
u é [ div(F)

where F represents the energy flux density. We let as an exercise (below) to show that F is

not equal to Uv, but:

F (1 , P 1 21
= PV (— —) = -V .
p 2v +e+p) pv(2 +h)
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With the notation h = € + P/p, which corresponds to the enthalpy of the fluid per unit mass.
The proof uses only the continuity and Euler’s equations. Since the equation of energy

conservation must hold for any volume element, the integrand must vanish in:

J[2+ div(F)]dV = 0.

We end up with the local expression of energy conservation:

ap(vi+e) 1
2= 4 di Iv -
At IV(pV(ZV +h))=0.

The zero on the right hand side of this relation comes from the condition for adiabatic motion:

ds/dt = 0, which is a necessary condition for an ideal fluid (see above).

Stated differently, if ds/dt would be non-vanishing, this right hand side term would be

necessarily proportional to: ds/dt. In fact, in the presence of heat flow within the fluid, which

means that the fluid is not supposed to be ideal, the rate of heat density change reads: pT Z_S,
t

which leads to the general equation for non-vanishing ds/dt:

dp(tv?+g) L q
2 + di ~v2 =pT
— v (PV(Z vZ+h)) =pT =

Exercise: For an ideal fluid. Prove that the energy flux density can be written as:
pv(Jz-V2 + h) withh =€ + P/p. Then, derive the local expression of the conservation of

energy (per unit mass):

dp(Lv?
"L div (pv( 2 + ) = 0.

1
dp(.vi+e)
Solution: The idea is to compute the partial derivative using equations of fluid

mechanics that we have established together with a thermodynamic relation involving the
internal energy (per unit mass).
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We write:
1
6p(5v2) — pV& 1 2 ap

Jt at+2v ot

In this identity, % can be replaced by —div(pv) using the continuity equation and 9" is given
at at

by the Euler’s equations. We obtain:

6P%V2) [( )] O o)

at  — PV v.grad v —v.grad p — 5V div pv .

With the vector identity: v. [(v. grad)v] = 1v. grad(v2) and
2

grad(p) = pgrad(h) — pTgrad(s) (since dh=Tds+1/p dp), we obtain:

) O 'z

+h)] +pTv.grad s _ |, div pv.
2

(3 pv?) 1
ot~ PV [grad(2 \%

Also, using the thermodynamic relation: de=Tds+(p/p*)dp, we can write: d(pe)=hdp+pTds.
Using the adiabatic condition of motion, this leads to:

0
(pe) = —h.div(pv) — pTv. grad(s).
ot

Combining the results, we find the expected result:

6p(%v2 +€) 1

2
— —di —yv +h)).
ot dlv(pv(zv

In integral form, it reads:
0 1, 1,
atfp(zv +e)dV=—§ﬁpv(2v

The left hand side is the rate of change of energy of the fluid in some given volume. The right

+h)dz.

hand side is therefore the amount of energy flowing out of this volume per unit time. Hence,

pv (1 v2 + h) is the energy flux density vector. Its magnitude is the amount of energy passing
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per unit time through a unit area perpendicular to the direction of velocity. This means that

any unit mass of fluid carries with it during its motion the amount of energy JZ-V2 +h

(and not-21v2 + €).

The fact that enthalpy appears and not internal energy simply comes from the relation:
—gﬁpv(%v2+h)d2 = —gspv(%v2+ €)dX — ¢ pvdX.

The first term is the total energy transported through the surface in unit time by the fluid and

the second term is the work done by pressure forces on the fluid within the surface.
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Summary of the three conservation principles for ideal fluids is provided in the table below:

(i) Conservation of matter

Continuity equation:

d d
_p + (v.grad)(p) = [__ + (v.grad)] (p)
at at

= —pdiv(v).

(ii) Balance of Momentum (Newton’s

second law)

Euler’s (vector) equation:

ov 1 1
__+ (v.grad)(v) = —_grad(p) + _F
at p p ext

Useful identity:

igrad(vz) = v X curl(v) + (v.grad)(v).
2

(iii) Conservation of energy or absence of
heat exchange between the different parts
of the fluid which implies that the motion is

adiabatic

Local form of the conservation of energy

reads:

Op(iv + ) .
— =  +div(pv(-v:+h)) =0.
ot 2

For ideal fluids, this is equivalent to the

condition:
% _ 21 (v.grad)(s) = 0 or s = constant
priaien v.grad)(s) = 0 or s = constant.

Together with an equation of state this

provides a relation of the form: p=p(p,s).
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Exercise: Momentum flux. We label the spatial component x, y, z of vectors by one index i.

Prove that there exists a quantity Ik that depends on two indices that verifies the relation:

2 [ pvidV = — Yyyy. § MikdZxk for each i=x, y, z.

Solution: It can easily be shown that: Ilik = p&ik + pvivk, where dik = 1 if i = k and 0 otherwise.
The integral relation above can be interpreted as usual. The left hand side is the rate of change
of the componenti of the momentum contained in the volume considered. Theright hand side
is therefore the amount of momentum flowing out through the bonding surface per unit time.
Thus, ITik corresponds to the component i of the momentum flowing in unit time through unit
area perpendicular to the axis labeled by k. The energy flux is given by a vector (depending
on one index), the energy itself being a scalar. Here the momentum flux is given by a quantity

depending on two indices, a tensor of rank 2, the momentum itself being a vector.

We consider now the kinetic energy contained in a volume Q: defined by the flow map ({: is
moving with the fluid), namely Ex = fﬂté—pvzdv. Note that (: is not fixed in space (i.e. not

fixed in some Newtonian reference frame), but moving with the flow according to the flow
map function. We are interested by the variation along the flow of the kinetic energy
contained in this volume Ek. To get this information, we need to compute the (material)
derivative dEk/dt, knowing that Ex is defined as an integral over the moving volume Q. As
discussed previously, this is not obvious to commute the derivative and the integral as the

integral domain depends on time. In fact, it can be shown that:

dE d 1 dv
—X = [J _pvdavl=/[ wvp. dv.

dt  dt o 2 o dt

NAME- RIZWANA SULTANA
DESIGNATION-Guest Faculty
Mechanical Engineering Department 25



i.  As a first case, we assume that all the energy is kinetic. This means that we consider
the internal energy as a constant which does not matter in the expression related to
energy balance. The principle of conservation of energy states that the rate of change
in time of the kinetic energy in a portion of fluid (following the flow) equals the rate
at which the pressure forces work. For simplicity, we neglect other external forces

that may apply. Mathematically, this gives:

dE d 1 d
—=_ [ _pvidVl=] vp. ldV =—¢ pv.dx.

dt  dt 2 o dt S

The last integral is taken on a closed surface bounding the volume Q. Also, the

quantity — gﬁst pv.dZ equals — | o, div(pv)dV = — 1) o, V-grad(p)dv — 1) o, PAiv(v)dV.

We can replace —grad(p) by p. fji_"in this identity using the Euler’s equations, which
t

leads to:

dE d d
—K ={ vp. VdV =/ vp. :dV—f pdiv(v)dV.

dt o dt o dt o
This equality can only be realized if div(v) = 0, or (using the continuity equation)

dp/dt=0. This corresponds to the condition of incompressible fluid (see §8).

ii. Asasecond case, we consider that the internal energy is not constant. Following the

previous discussion, we can write in this more general case:

d(EK+ pe) — _¢ pv dz

dt S,
After developing the above expression as in the first case, we can easily show that this

leads to the relation pde = pdr or equivalently p?de = p. This corresponds to a re-
dt p dt dp

writing of the variation of enthalpy as: dh = dp/p, which is also the condition for an

isentropic motion.
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§6. Boundary conditions for ideal fluids

The equations of motion have to be supplemented by the boundary conditions that must be
satisfied at the surfaces bounding the fluid. For an ideal fluid, the boundary condition is
simply that the fluid cannot penetrate a solid surface. This means that the component of the

fluid velocity normal to the bounding surface must vanish if that surface is at rest: v.n = 0.

In the general case of a moving surface, v. n must be equal to the corresponding component
of the velocity of the surface. At a boundary between two immiscible fluids, the condition is
that the pressure and the velocity component normal to the surface of separation must be
the same for the two fluids, and each of these velocity components must be equal to the

corresponding component of the velocity of the surface.

Given boundary conditions, the continuity and Euler’s equations, together with the relation
for adiabatic motion, established in §5 form a closed set of equations necessary to determine
the 5 unknown quantities, once initial conditions are assumed. Solving this problem means
that, if we consider a moving fluid contained in a volume Q at any instant t (Q:t the
corresponding moving volume), at each point x of (3, we can find a well-defined solution for
the 5 quantities to be determined. Such that also the equations of fluid mechanics must
contain non-diverging terms at all points of Q. In particular, the total kinetic energy density

integrated over the moving volume Q, | 1pv2dV, must remain finite, not diverging to infinity
2

at any time. Stated differently, once we define initial conditions, a fluid mechanics problem is
solved (globally) if we can show the existence and unicity of smooth solutions of equations
(§5) for the velocity, pressure and mass density, for all points in the fluid volume and at all

times, with dedicated boundary conditions. This is highly non trivial as we shall see next.

§7.Introduction to nonlinear differential equations
A central issue in the study of nonlinear differential equations, as the Euler’s equations, is
that solutions may exist locally in time (that is, for short periods of time) but not globally in
time. This is caused by a phenomenon called blow-up, illustrated in this section.
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We first discuss this phenomenon with three simple ordinary differential equations for a real
function u(t):

(@) du =y, (b) du=u? () = —u+ u?
dt dt dt

Equation (a) is linear and its solution is:

u(t) = Aet.
This solution is defined globally in time and grows exponentially as time becomes infinite.
Generally, global existence and exponential growth are typical features of linear differential
equations. Equation (b) is nonlinear. Its solution is:

u® =1/(t-v,

where T is a parameter. The solution of (b) is then diverging when t is approaching t. This
example (b) shows that nonlinearities which grow super-linearly in u(t) can lead to blow-up

and a loss of global existence. Equation (c) is also nonlinear and its solution is:

u(t) = 1/(1 — Aev).

If A < 0, which corresponds to 0 < u(0) < 1, then the solution exists globally in time.

If0 < A < 1, which corresponds u(0) > 1, then the solution blows up att = log(JA).

Thus, there is a global existence of solutions with small initial data and local existence (in
time) of solutions with large initial data. This type of behavior also occurs in many partial
differential equations of more general functions of space and time: for small initial data,
linear damping terms can dominate the nonlinear terms, and one obtains global solutions
whereas for large initial data, the nonlinear blow-up dominates and only local solutions may

exist.

Consider now a less simple example of nonlinear partial differential equation. A real function

. . . a( p . o .
of x and t, u(x,t), is a solution of the equation: % + 21: 0, with the initial condition:

ot ox
u(x,0) = uo(x).
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We can show that this equation cannot have a global smooth solution if 2u0X < ( at any point.
ox

The proof is simple, based on the previous discussion. Suppose that u(x,t) is a smooth

. N 1 . , a(y

solution. We take the x derivative of the partial differential equation: 9« + L =0.
ot  ox

We obtain:

du
— 4 uuxx + uz = 0.

ot X

The subscript x represents a derivative with respect to x: u,= % We can rewrite this
ax

expression as:
[2 +u ?2](ux) +u? = 0.

ot ax X

It is interesting to note as: 4 = [9 4+ u 2] the derivative operator appearing in the last
dt ot ax

formula (already seen in §5), which is the derivative along the characteristic curves

associated with the function u. Then, we obtain an equation close to equation (b) above:

duy = —u2.

dt X

Therefore, if ux < 0 at initial time, the solution of this equation follows exactly what we have
computed for equation (b) and it blows up at some positive time. A global smooth solution

cannot exist.

. . . . . . a(ud) L
The interest of this (partial) differential equation: %4 + 2~ = 9u 4+ y9W = ( lies in the fact
ot ox ot [7):4

that it is equivalent to a one dimensional Euler’s equation, u being the velocity field, with p=0
and in the absence of external forces. Already with this simple form, we remark that a
(unique) global smooth solution may not exist in general. We discuss further these issues

next in the particular (but so important) case of incompressible fluids.
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§8. Euler’s equations for incompressible ideal fluids
For many (ideal) flows of liquids (and even gases), mass density (p) can be supposed
constant throughout the volume of the fluid and along its motion. This is equivalent to
neglecting compression and expansion of these fluids. We speak of incompressible fluids:

p = constant.
Equations of fluid mechanics are much simplified for an incompressible fluid. The continuity
equation becomes:

div(v) = 0.

Euler’s equg;c,ions in the presencg ‘9f algravitational field become:

+ (v.grad)(v) = (% ()

ot ot + 2grad v —vXcurlv = —grad(p +g

p

Obviously, we can take the curl of the above formula, which leads to an expression involving

only the velocity field:
dcurl(v)

ot

= curl[v x curl(v)].

Interestingly, as the mass density is not an unknown function any longer for incompressible
fluids, the closed set of equations for (ideal) fluids can be reduced to equations related to

velocity only.

The vector w = curl(v) is called the vorticity. The equation for the vorticity can be re-written
after a proper development of:

curl[v X w] = v. (div(w)) — w(div(v)) + (w. grad)(v) — (v.grad)(w).

Using the condition div(v) = 0 and the identity: div(w) = 0, we obtain:
dw/ ot + (v.grad)(w) = (w. grad)(v).
(5)
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Together with the definition: w = curl(v), these equations completely determine the velocity
in terms of the vorticity. The vector equation (5) is of fundamental importance. To

understand it, we need first to give a hint of what vorticity is physically.

We intend to show that vorticity encodes the magnitude and direction of the axis about which
a fluid parcel rotates locally. For simplicity, we consider a 2-dimensional case in the (xOy)
plane. We observe the deformation along the flow of a rectangular fluid parcel ABCD
parameterized at time t by A(x,y), B(x+dx,y), C(x+dx,y+dy) and D(x,y+dy). Its surface is
Y=dx.dy and after the time interval dt, the points ABCD at time t have evolved to A’'B’C’'D’ at
time t+dt. It can easily be shown that: dX/dt=X(0vx/0x+0vy/0y). Hence, the relative

variation of the surface of the fluid parcel is given by the divergence of the velocity.

We label the angles generated by the flow as: A D
d6=(AB,A’B’) and d¢=(AD,A’D"). The global D’ o -
rotation of the fluid parcel is given by the

rotation of the diagonal of the rectangle, which de
we define as I'dt. By construction, it is equal to: A A »
% (dO+ do) (see figure). A B

Again, this is easy to show that d6+ do=(0vy/0x-0vx/0y)dt, or equivalently:

I'=%( Ovy/0x-0vx/0y).
Then the quantity I', which is characteristic of the rotation, is half the vorticity (in 2-
dimensional space). This result can be generalized to 3-dimensional space with the vector
result: '=%m. Vorticity is thus directly related to the magnitude and direction of the axis

about which a fluid parcel rotates.

We now come back on the vector equation (5) characterizing the evolution in space and time
of the vorticity. It can be written in another very important form using the flow map function.

We can show that it is equivalent to:
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w(@(X,1),t) = gradx(®(X, ). wo(X) with wo(X) = w(®(X, 0),0) = w(X, 0).
(5"

This expression is a bit unusual. Indeed, gradx(®(X, t)) can be expended under the 3
components of the gradient with respect to X (in 3-dimensional space), but each component
is itself a vector due to the presence of ®. That's why the quantity defined by
w(®P(X, 1), t) = gradx(®(X, t)). wo(X) is a vector, where the scalar product is taken between
the 3 components of the gradient and the 3 components of the vector wo(X).

In order to prove the equivalence between expressions (5) and (5"), we differentiate the

relation (5”) with respect to time (material derivative). We obtain:

dw w
=+ (v.grad)(w) =grad (v[®dX, t),  (X).

dt ot X 0

On the right hand side, we have the derivative of a composition of functions which can be
easily computed (exercise below). Knowing that gradx(® (X, t))wo(X), is equal to
w(P(X,t),t), we end up with:

_cu+ (v.grad)(w) = (w.grad)(v).
ot

This is the vector equation (5), which completes the proof.
Exercise: Prove that: gradx(v[®(X,t), tD)woe(X) = (w.grad)(v).

Solution: we first expand explicitly the first term, using the notation X=(X1, X2, X3) and

wo(X) = (wo,1, wo,2, Wo0,3). We obtain:

0,

. - + )
grady (v[® (X, t),t]). wo(X) = 6X1 Wo,1 axz 2t 6X3 @o3

Also, in compact notations: 5"[“’("0 t] = ﬂ;’—((—)gl;
1
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The sum above can thus be rearranged as:

d®() 8 ad() a8 oad() 0

o @o1ax T o Coray T axs Y0 al v

This gives the result.

Exercise: Prove that if we are considering a space with only 2 dimensions, the vector equation

(5) reads:

Jw
___+ (v.grad)(w) = 0.
ot

Similarly, prove that in 2-dimensional space, the equivalent formula:

w(®(X, t),t) = gradx(P(X, t)). wo(X).
Which can be simplified into:

w(®(X, 1), t) = wo(X).

Comment these last two expressions.
Solution: When we consider a flow in a plane, which means in 2-dimensional space (2D)
labeled in Cartesian coordinates (x,y), the velocity field can be represented as a 2-
dimensional vector (vx, vy). Then, only the z-component of w = curl(v) is non-zero by
definition. This implies that the scalar product between w = (0,0, wz) and the gradient in 2D

is zero. Therefore, the vector equation (5) reduces to the relation:

% + (v.grad)(w) = 0. The vorticity is thus a scalar, we write: = w. The last expression
at

becomes a one dimensional partial differential equation: 2 w + (vx 2+ vy 2) (w) = 0.
at ax ay

Applying a similar method as in the text above, we can show that:
w(Px(X1, X2, t), Dy(X1, X2, t), t) = wo(X1, X2).
This proves the second relations. These two equivalent formulae mean that vorticity is

conserved along paths of fluid particles in 2-dimensional flows.
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Exercise: Conservation of circulation. We consider a closed curve build up by fluid particles
at initial time Co. This closed curve will move with the fluid, and at time t, we can represent
this curve using the flow map notation as: Ct = {®(X,t) : X belongs to Qo}.
For an ideal incompressible fluid prove that the circulation of the velocity along the closed
curve Ct is conserved along the flow:

¢ v.dl=¢ v.dl

Ct Co
What can you conclude concerning the vorticity?

Solution: We compute the material derivative (following the flow of particles): 4 [§ wv.dI].
I dt  C¢

We have already discussed this kind of calculus in §5. The difficulty is that the boundary of

the integration depends on time. However, as explained in §5, we can write:

d d
I van=¢ " .a

Then, using the equations of motion: & = —grad(P) with the fact the contour of integration
dt o

is closed, we end up with the desired relation:

_d [ v.dl] = 0.

dt ¢,
This completes the proof. The circulation of the velocity along the closed curve Ctis conserved
along the flow.

Consequences for the vorticity: Using the circulation (Stokes) theorem, we can write:
e v.dl= [ curl(v). d £ = [ w.d Z, where Strepresents any surface moving with the flow

bounded by the closed contour Ct. This means that the ith component of the vorticity vector
can be seen as the limit circulation per unit area in the plane perpendicular to the (xi)-
direction. Intuitively, it measures how much a little leaf carried by the flow would spin about
the (xi)-direction.

Also, we can understand physically what happens if we are restricted to 2-dimensional space
(2D). In 2D, incompressibility implies that Stis a constant of motion: it derives from the

continuity equation which is equivalent to a volume preserving condition (surface preserving
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in 2D). Then, the condition that fst w.d X is conserved along the flow, in the limit of very small
area implies that the vorticity is conserved along the flow lines.
This can be formulated as: f({l“t'- = 0. This corresponds to what we have shown mathematically

in the previous exercise.

Differently, for 3-dimensional space (3D), there is no constraint on St following the continuity
equation (the volume preserving condition for incompressible fluids). Thus, conservation of
the flux of vorticity cannot control the magnitude of the vorticity vector.

To conclude briefly this discussion, we have understood intuitively some differences between
the 2D and 3D physics cases. As we shall see later, these differences can explain why

2D equations of fluid mechanics cannot have singularities why 3D equations might.

We consider the right hand side term ((w. grad)(v)) of the vorticity equation:
Dw
Dt

As we have shown in the exercises above, this term is not present for 2-dimensional flows,

(w. grad)(v).

for which vorticity is conserved along flow lines. Therefore, we know that this is the term
which brings some complications for 3-dimensional flows. This is interesting to get an
intuitive understanding of it. Rephrased in words, (w. grad)(v) is proportional to the
derivative in the direction of w along a vortex line: (w.d/ dsw)(v). Where 8s, is the length of
an element of vortex line. We now resolve the vector v into components v parallel to the
vortex line (of direction w) and v. perpendicular to w and hence to 8s. Projected along the

vortex line, we obtain:

1Dw s = a(V)_SS _0(ve + V1) 5
w Dt ¢ O0Sw s 0sw e
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This gives:

1Dw =

0 0
= Vo) .0s + V) .6s
——.6s

w Dt w 0Sw @

w w
ds,,

={v x+8s )-v x)}+{v x+8 )—v X}

w w 1 w 1

The first term on the right hand side represents the rate of stretching of the element 8s. The

second term represents the rate of turning of the element 8sw. Then, stretching along the

length of a vortex line causes relative amplification of the vorticity field, while turning away

from the vortex line causes a reduction of the vorticity in that direction, but an increase in

the new direction.

Summary of important equations for the vorticit

incompressible ideal fluids):

General equivalent equations for the
vorticity, also called the ‘stretching
formulae’.

f;_w+ (v.grad)(w) = (w. grad)(v),
equivalent to
w(®X, 1), t) = gradx(®(X, t)). wo(X)
with wo(X) = w(P®(X,0),0) = w(X,0).

The equation using the flow map expresses
the fact that vortex lines are carried by the
flow. In 2-dimensional spaces, the vorticity
is carried along by particle paths, its
magnitude unchanged. In 3-dimensional
spaces, vorticity is carried as well, but its
magnitude is amplified or diminished bythe

gradient of the flow map.

In 2D, the general vector equation (above)
becomes:

w(P(X, t),t) = wo(X).
Moreover, the vorticity in 2D is a scalar and
this last equation can be written as:

w(Px(X1, X2, 1), Py(Xy, Xz, 1), )

= wo(X1, X2).
Or equivalently: — —
0 0 0
w+ (v +v  )(w)=0.
dt Xgdx Yoy
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§9. Potential flows for ideal fluids

We start by restating the property of conservation of circulation (see §8). We have shown
that for an ideal incompressible fluid the circulation of the velocity along the closed curve Ct
(moving with the flow) is conserved:

¢ v.dl=¢ v.dL
Ct Co

However, in the course of the proof (in §8), we have used a mathematical trick (with no
justification) concerning the inversion of the integral whose boundary depends on time and

the material derivative: 4 [§ v.dl] = ¢ dv.dl. In this section we redo this important proof
dt Gt Ce dt

completely. It will allow us to state clearly the minimal assumptions needed to derive this
property (theorem).

We are interested by the material derivative of the circulation of velocity on a closed contour:

¢ v. dl. The closed contour is supposed to be drawn in the fluid at some instant of time and
we assume that this corresponds to a fluid contour, build up by fluid particles, which lie on
this contour. See the figure below for illustration, where only a few fluid particles have been

pictured for simplicity.

Time evolution

—

A few fluid particles
on the contour

In the course of time, these fluid particles move about with the flow and thus the contour
moves with them accordingly. We calculate the material derivative of the velocity circulation

bounded by this contour:
d
G [$ v.dl].
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First, this is really the material derivative that we need to evaluate, as we are interested in
the change of the circulation round the fluid contour moving with the flow (displayed in the
figure above), and not round a fixed contour in space coordinates.
Then, we write the element of length in the
contour as dl = o6r, where 6r is the
difference between the radius vectors of the
points at the ends of the element of the
contour dl. In this proof, we use the symbol

‘6" for the differentiation with respect to

space coordinates and 'd’ for the

differentiation with respect to time.

Then, the circulation of velocity can be written as § v. dl = ¢ v. 8r. In differentiating this
integral with respect to time, we need to consider that not only the velocity but also the
contour itself changes, along the flow. That’s why we need to differentiate both v and ér. This

leads to:

i[sﬁ v.or]=¢ d_v.8r+§ﬁ v.dS_r

dt dt dt

The second integral on the right hand side is trivial to compute after writing the integrand in

2
the following form using simple algebra: v.dér = vy, §dr v L ) .
a@t 4 = 8 (). This gives after integration

on a closed contour:

dor
¢ V. E— 0.

This proves the mathematical identity presented previously: 4 [¢ v.8r] = ¢ dv, 8r. From
dt dt

Euler’s equations for isentropic fluid (not necessarily incompressible), we can write:

dv _ d(h)
i gra )
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Then, this is easy to conclude that Sﬁ dv 8r = 0, since:
dt

dv dv

$ E;&zﬁchayﬁzﬁcmwgmd?)&za

We end up with the property of conservation, which completes the proof:

d
F[$ vl = 0.

¢ v.dl = constant (along the flow).

Therefore, for an ideal fluid, the velocity circulation round a closed fluid contour is constant
in time: this is also called the Kelvin’s theorem. We can remark that this property assumes

Euler’s equations for an isentropic flow. In fact, we need to be able to write &rad(®) as a
p

gradient of some function. This is the case for an isentropic flow for which the relation

s(p,p)=constant poses a one to one relation between pressure and mass density.

From the law of conservation of circulation (along the flow), we can derive another essential
property concerning vorticity. We consider an infinitely small contour (build up by fluid
particles) moving with the flow and we assume that the vorticity is zero at some point along
this path. We know (Stokes theorem) that the velocity circulation round this (infinitely small)
closed contour is equal to curl(v). d¥ = w. dX, where dX is the element of area enclosed by
this small contour. At the point where w = 0, the velocity circulation round this small contour
is thus also zero. In the course of time, this contour moves with the fluid, alwaysremaining
infinitely small. Since the velocity circulation is conserved along the flow, itremains equal to
zero for all points of this path, and it follows that the vorticity also must bezero at any point
of this path. Therefore, we can state that: if at any point of some trajectory followed by fluid

particles the vorticity is zero, the same is true at any point of this trajectory.
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Note that if the flow is steady (f;_"z 0), streamlines coincide with paths described in the
t

course of time by some fluid particles. In this case, we can consider a small contour that
encircles the streamline. In particular, if it encircles the streamline at the point where the
vorticity is zero, this property is conserved along the streamline. This means that for steady
flow, the previous statement holds for streamlines: if at any point on a streamline, the

vorticity is zero, the same is true at all other points on that streamline.

We continue the argument assuming the flow is steady. We consider a steady flow past a
material body with the much reasonable hypothesis that the incident flow is uniform at
infinity. This means that its velocity is constant at infinity, and thus its vorticity is zero at
infinity. Following the previous statement, we conclude that the vorticity is zero along all
streamlines and thus in all space. In fact, this is not exactly correct as the proof that vorticity
is zero along a streamline is invalid for a line which lies on the surface of the solid body, since
the presence of the surface makes it impossible to draw a closed contour encircling such a
streamline! Of course, the physical problem of flow past a given body has a well-defined
solution. The key point is that ideal fluids do not really exist: any real fluid has a certain
viscosity, even small. This viscosity may have in practice no effect on the motion of most of
the fluid, but, no matter how small it is, it will become essentially important in a thin layer
adjoining the surface of the body. We come back on the mathematical description of how real
fluids behave in the following sections. For the moment, we keep the point of view of ideal
fluids, knowing that there is a boundary layer around a solid body inside which this (ideal)

description does not apply.

A flow for which the vorticity is zero in all space is called a potential flow, or irrotational flow.
Rotational flows correspond to flow where the vorticity is not zero everywhere. Following
the discussion above, a steady flow past some material body, with a uniform incident flow at

infinity must be potential.
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Another consequence of the theorem of conservation of circulation is that, if at some instant,
the flow is potential throughout the volume of the fluid, we can deduce that this will hold at
any future instant. This is also in agreement with the equation for the vorticity, derived from

Euler’s equation: 2« = curl[v X w], which shows that if w = 0 at time t, it holds at time t+dt.
at

We now derive some general simple properties of potential flows, which are very useful in
practice:

i.  First, we have proved the property (theorem) of conservation of circulation, under
the assumption that the flow is isentropic. This means that if the flow is not isentropic,
this law does not hold. Therefore, if a non-isentropic flow is potential at some instant,
the vorticity will in general be non-zero at subsequent instants, and the concept of
potential flow is useless. Therefore, all what we discuss next assumes that the flow is

isentropic.

ii. Fora potential flow: ¢ v. dl = 0. It follows that closed streamlines cannot exist. Only in

rotational flows, closed streamlines can be present.

iii.  If the vorticity (vector) is zero w = 0, this implies that there exist a scalar potential

such that:
v = grad(o).
With the Euler’s vector equation, we get:
0d v2

grad(ﬁ+7+h) =0.

Then, the function inside the gradient is not a function of coordinates and only

depends on time:

dp v? 0

T 4+ +h=ft.
at+2

Here, f(t) is an arbitrary function of time. As the velocity is the space coordinate

gradient of the scalar potential: ¢, we can add to ¢ any function of time without

modifying the velocity field. In particular, we can make the substitution:
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This means that we can take f(t)=0 without loss of generality in the above equation.

iv.  Forasteady (and potential) flow, we can simplify the equation given in (iii) with ? =
t

0 and f(t)=constant:
v2

> + h = constant.

This is the Bernoulli’s equation. However, there is an important difference with the
Bernoulli’s equation established in the general case (§5), where the ‘constant’ on the
right hand side is constant along any given streamline, but different for different
streamlines. In potential flows, the ‘constant’ (above) is constant throughout the fluid.

v.  Animportant physics case, where potential flow occurs, concerns small oscillations of
an immersed body in a fluid. It can be shown that if the amplitude of oscillations is
small compared with the dimension of the body, the flow past the body is
approximately potential. The proofis left as an exercise below: the idea is to show that
throughout the fluid dw/ dt = 0 and thus the vorticity in the fluid is constant. In
oscillatory motion, the average of the velocity is zero, and then we establish that this
constant is zero.

vi. Potential flows for incompressible fluids. We first recall that we define an
incompressible fluid by: p = constant, throughout the volume of the fluid and its
motion. This means that there cannot be noticeable compression or expansion of the
fluid. Following the continuity equation, this implies: div(v) = 0. We finally recall that,
for an incompressible fluid, we have: de = 0 (always with the isentropic hypothesis).

This implies that € is constant, and since constant terms in the energy do not matter,

the energy flux density for an incompressible fluid becomes: pv (1vZ + P/p).
2

Similarly, the enthalpy h can be replaced by P/p in the equation established in (iii).
This leads to:
ap V2

—+ = £(0).
T 2+P/p f(t)

Now, we combine the two equations: div(v) = 0 and w = curl(v) =0
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(orv = grad(od)).
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We get:

A(p) = 0.
This is the Laplace’s equation for the potential ¢. In order to solve this equation, it
must be supplemented by boundary conditions (see §6). For example, at fixed solid
surfaces, where the fluid meets solid bodies, the fluid velocity component normal to
the surface (vn) must be zero. For moving surfaces, it must be equal to the normal

component of the velocity of the surface (which can be a function of time). Note that

the following relation holds: v = ai Therefore, the general expression of boundary
n

conditions is that 2¢ is a given function of coordinates and time at boundaries. We
on

show how to solve the Laplace’s equation with specific boundary conditions in some

exercises below.

Two other (less simple) consequences of the Kelvin’s theorem:
i.  Vortex lines move with the fluid: consider a tube of particles, which at some instant

forms a vortex tube, which means a tube of particle with a given value of:
$ v.dl = K

Then, at that time, the circulation of the velocity round any contour C’ lying in the tube
without embracing the tube is zero, while for any contour embracing the tube (once),
the circulation of velocity is equal to K. These values of the velocity circulation do not

change moving with the fluid. This means that the vortex tube remains a vortex tube

with an invariant: K = ¢ v. dl. A vortex line is a limiting case of vortex tube and
therefore vortex lines moves with the fluid (under the hypothesis of the Kelvin's
theorem).

ii.  The direction of vorticity turns as the vortex line turns, and its magnitude increases
as the vortex line is stretched: the circulation round a thin vortex tube remains the
same. As it stretches the area of the section decreases and thus the vorticity
(~circulation/area) increases in proportion to the stretch.
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Summary of some important relations for ideal fluids:

p=constant. Incompressibility condition.
geuriv) _ curl[v x curl(v)]. Vorticity equations (general).
ot
a_a) + (v.grad)(w) = (w.grad)(v). Vorticity equations (incompressible fluid).

ot

In 2-dimensional space the term on the right
hand side comes to zero and the vector
equation is reduced to:

da)_O
dt

The circulation of the velocity along the | Incompressible (ideal) fluid (isentropic
closed curve Ct (moving with the flow) is | flow).

conserved (Kelvin’s theorem):

$v.dl=¢ v.dL

Ct Co
Potential flow: v = grad(¢). Potential flow.
ap v?
LA _ )
T +h=ft)
Potential and steady flow: Potential flow (steady).
v2
7+ h = constant.
This ‘constant’ is constant throughout the
fluid.
Potential and incompressible flows: Potential flow (incompressible).
dp v?
= = _ ()
St P/ £,
A(d) = 0.
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§10. Real fluids and Navier-Stokes equations
We now study the effect of energy dissipation, occurring during the motion of a fluid, on that
motion itself. This process is the result of the thermodynamic irreversibility of the motion.
This irreversibility is always present to some extent, and is due to internal friction (viscosity)
and thermal conduction. In the following, we always assume that the fluid is incompressible
(p=constant).
In order to obtain the equations of motion of a viscous incompressible fluid, we have to
include some additional terms in the equations of motion of an ideal fluid.

i.  First the equation of continuity, as it is clear from its derivation, is equally valid for

any fluid, whether viscous or not.

ii.  Then, Euler’s equations requires modifications, that are described this section.

We have seen in §5 that Euler’s equations can be written in the form:
d
Jeovdv=— 3 41 dx.

ot i ik k
k=Xxy,z

Where [lik is the momentum flux density tensor (of rank 2): it depends on 2 indices i and k,
running for X, y, z in 3-dimensional space. For ideal fluids, we have ITik = pSik + pvivk (with ik
= 1 if i = k and 0 otherwise), which represents a completely reversible transfer of
momentum, originating from the mechanical transport of the different particles of the fluid
from place to place with pressure forces acting in the fluid. As already mentioned, the
hypothesis behind ideal fluids is that each particle pushes its neighbors equally in every
direction. This is why a single scalar quantity, the pressure (p), is sufficient to describe the
force per unit area that a particle exerts on all its neighbors at a given time. Then, the

acceleration of the fluid particle results from the pressure differences.

For real fluid, for which energy dissipation in the fluid is not neglected any longer, the

viscosity or internal friction is due to another, irreversible, transfer of momentum from
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points where the velocity is large to those where it is small. This means that if a fluid particle
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moves faster than the average of its neighbors, then friction slows it down. The equation of
motion for real fluids can then be obtained by modifying the momentum flux tensor
accordingly ITik = pdik + pvivk + I1'ik, where IT'ik designs the part of the flux density due to
viscosity. A general form of IT'ik can be established using the fact that processes related to
internal friction occur in a fluid only when different particles move with different velocities,
such that there is a relative motion between various parts of the fluid. Hence, I1'ik must

depend on the space derivatives of the velocity. As a first approximation, IT'ik can thus be

written as a linear combination of terms of the form 2v,
0Xk

This way of thinking can be continued to obtain the general vector equation of motion of

incompressible viscous fluid, for which the viscosity_ is determined by only one coefficient:

dvzav )() ()

—=_ _ _

v.grad v =— grad + Avw.
it ot VB pBAG P Ty,

(6) (6)
This is the Navier-Stokes (vector) equation, first established by Navier in 1822 and then by
Stokes in 1845. Other derivations have been proposed in between by Cauchy in 1828 and
Poisson in 1829, but the history has only kept the names of Navier and Stokes. Here,n > 0 is

called the viscosity coefficient (precisely the dynamic viscosity), while v = 1 is called the
p

kinematic viscosity. In Cartesian coordinates, we can write equations (6) as a set of 3

equations for the 3 components in X, y and z:

ap
P Vx E& Vy
Thv P, D =P Ty

\Y \% = -

7t X fx Yay 2§y y I-ayl Vy
z I 1 z

19p]

[0z]

Some general comments are in order:
i.  In general the viscosity coefficient is a function of pressure and temperature of the
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fluid. As pressure and temperature may not be constant throughout the fluid, the
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viscosity coefficient also may not be constant throughout the fluid. Obviously, the
viscosity coefficient is much larger for glycerin than for water. Typical values at 20°C

are 1= 0.01 cm?/s for water, 0.15 cm?/s for air and above 6 cm?/s for glycerin.
p

Remark that the unit for Lis in cm?/s as be seen immediately from equations (6). Also,
p

we can mention that the dynamic viscosity () of a gas at a given temperature is

independent of the pressure, while the kinematic viscosity (®) is inversely
P

proportional to the pressure. Also, it can be shown that the kinematic viscosity of a
gas is about: Av, where A is the mean free path and v the thermal speed of molecules
(of the gas), of the same order of magnitude as sound speed. It presents the correct
unit (in length/time?). With this expression, we understand that viscosity is a vestige
of the continuum limit based on the molecular nature of the fluid while Euler’s
equations, corresponding to zero viscosity, set this molecular length scale to zero (see
§2).

ii.  The Navier-Stokes equations (6) represent a vector equation (with as many equation
as dimensions of space), which generalizes the Euler’s vector equation due to the

presence of a diffusive term in 1Av. The convective term in (v.grad)(v), which
p

appears in the material derivative, is not affected by the internal friction phenomenon.
iii. =~ The Navier-Stokes equations (6) need to be complemented by the continuity relation
for incompressible (real) fluids, div(v)=0, as well as initial and boundary values to

compute the velocity field for later times t > 0 (next sections). Of course, in the

presence of external forces, we can add a term in < Fext to equations (6).
p

iv. A simple derivation of the viscosity term can be proposed, without the use of the
tensor formalism. The idea is to make the parallel between two properties: (1) the
physics property that frictional forces counteract at each point the deviation of the
velocity field from its local average and (2) the mathematical fact that the deviation of
a function at a point from its average value on small surrounding spheres is measured

by the negative of the Laplace’s operator (A). This implies trivially that frictional
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(vector) forces must be proportional to Av. Adding such a term to Euler’s vector
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equation, we obtain the Navier-Stokes vector equation (6) for incompressible fluids.
We let the justification of the equivalence between (1) and (2) above as an exercise.
The key point here is to see the intricacy between the physical intuition and
mathematics: once we have the physics idea (1), then equations (6) is a direct

consequence of the mathematical fact (2).

Using equations (6), we can verify that the presence of viscosity results in the dissipation of
energy, which is finally transformed into heat: this must be a direct consequence of the
Navier-Stokes equations (6). The calculation of energy dissipation is quite simple for an
incompressible fluid filling a volume of space (). Indeed, the total kinetic energy for the fluid
contained in () reads:
1
E =pJ ~vidV (withp = constant).
K 2
Q
Then, it can be shown easily that Ek is decreasing in time under a flow following the Navier-

Stokes equations (6). Precisely, we can compute for a 3-dimensional space:

dE 3 3
—X = ¥ Igrad(u)|2dV = —n ¥ [ |Vu [2dV < 0.

dt 5 _a

i=1

When the viscosity is zero (Euler’s equations), we find that the kinetic energy is conserved

for an incompressible fluid (as already shown), while for viscous fluid dg—K < 0: friction
t

transforms kinetic energy into heat.

Exercise: For a 3-dimensional space, prove that:
3 3

dE
o = —PZJ lgrad(u)’dV=—pnxf |Vu]| V<o
Q i=1 9

i=1
Where Ex is the kinematic energy of the incompressible fluid contained in the volume (.
At boundaries of the volume containing the fluid (labeled as S in the following), we assume
that the fluid is at rest with va=0.

Solution: We compute the time derivative of the kinematic energy:
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0
— =p—[f =v¥dV]=] wv.p [6_‘1] dV = [ v.[-p(v.grad)(v) — grad(p) + nAv]dV.
Q Q

There are 3 terms to be calculated. The first 2 terms are zero. For the first one, we find using
the well-known vector identity for (v.grad)(v) and integrating by parts:

1 1 1
[ v.[(v.grad)(v)]dV = [ v.grad(v2)dV =— —-f div(v) v2dV + Ef vZv.dZ = 0.
Q a 2 2 g s

Similarly, we have: [, v.[grad(p)]dV = — [ div(v) pdV + [ pv.dE = 0. Finally, we are
left with the last term proportional to the viscosity:

dEg
—K _ _[Av]aV.
m an v. [AV]

The integrand: v.[Av] can be expanded as: vi.[Avi] + vz. [Avz] + v3. [Av3]. Each of the 3

integrals (like [ q V1 [Av1]dV) can be transformed using integration by parts. We obtain:

dEg

3
& -nY [ |grad(v)| 4V < 0.

i=1 @
Consequently, the kinetic energy is decreasing in time, which reflects the losses due to
friction in a viscous flow. It is also possible to write the last formula as:

dEy

g = " fs grad(v?).dz.

Finally, we write the vector equation for the vorticity by taking the curl of the Navier-Stokes

equations. We obtain:
dcurl(v)

Jt

Equivalently, in a form generalizing the stretching formula to (incompressible) viscous

fluids:

= curl[v X curl(v)] + vA(curl(v)).

4o = a_w + (v.grad)(w) = (w.grad)(v) + vA(w) with w = curl(v).

dt ot

NAME- RIZWANA SULTANA
DESIGNATION-Guest Faculty
Mechanical Engineering Department 55



In this expression, we recognize transport, stretch as well as diffusion of vorticity. Note that
even if the vorticity is null at initial time, it does not imply that it will last for later time since

vorticity can be created by boundary conditions. Also in 2-dimensional space, we obtain:

d
d_at): VA(w).

Here, only one component of w is non zero: the vorticity is thus a scalar quantity. Vorticity is
transported through convection and diffuses. Of course, in the absence of viscosity (v = 0)

we find again that vorticity is a conserved quantity in 2-dimensional space.

§11. Boundary conditions for real fluids

We must also write down the boundary conditions on the equations of motion of a viscous
fluid. There are always forces of molecular attraction between viscous fluid and the surface
of a solid body, and these forces have the result that the layer of fluid immediately adjacent
to the surface is brought completely to rest, and adheres to the surface. Accordingly, the
boundary conditions require that the fluid velocity should vanish at fixed solid surfaces: v =
0. It can be emphasized that both the normal and tangential velocity must vanish, whereas
for an ideal fluid, the boundary conditions require only that the normal component vanish.
Obviously, in the general case of a moving surface, the velocity (vector) v must be equal to

the velocity of the surface.

We consider one example to illustrate how these conditions operate together with the
equations of motion for a real fluid. Consider the following viscous incompressible flow
between two stationary plates located at y=0 and y=1, with the notations indicated on the
figure. This is obviously a 2D configuration, where only x and y component (in Cartesian

coordinates) should be considered.

We are looking for a stationary solution of Navier-Stokes equations of the form v=(u(x, y),
0).Indeed, the flow is directed only along the x-axis. With: p=p(x) and p(0)=p1, p(L)=p2. The

continuity equation for incompressible fluid gives dxu = 0, where we use the standard
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notation dx = d/ 0x. Hence u(x,y)=u(y) and v=(u(y), 0). The Navier-Stokes equation for the

only component to be considered reads:

1 9.2 9.2
deu+ udsu = — _ Oxp + | [Oxu + dyyu] where O = () and dyy = ().
P p 0x dy

Where we have: dwu = 0, dxu = 0 and dxxu = 0. We obtain:

1 l
o Oxp +—p dyyu = 0 or equivalently dxp = 1 dyyu.

With the boundary conditions: u(x,0) = 0 and u(x, 1) = 0. Since both sides of the equation

dxp = 1 dyyu, depends on different variables, we conclude that dxp = 1 dyyu = constant, which

gives trivially the result. The velocity profile is a parabola.

We now add a level of complexity to the previous example. There is one plate at y=0. Assume
that the half space y > 0 is filled with a fluid, bounded by a plate (xz-plane) at

y = 0. The fluid is not moving for t < 0. The plate at the fluid boundary starts to move at initial
time (t = 0) with constant velocity U in the x-direction. We may assume that the fluid starts
to flow due to friction. In this case we look for a solution of the Navier Stokes equations of the
form v = (u(x, y, t), 0, 0), where u(x, y, t) = u(y, t) in order to satisfy the continuity relation.

The Navier-Stokes equations read:

1 M
otu = ——p 0xp +—p dyyu, with dyp = d-.p = 0.

This implies that dxp = constant, that we may choose to be zero. Then, we are left a the pure

diffusion equation dwu = v dyyu (with v = '19 together with the boundary conditions u(0,t)=U

and the initial condition u(y,0)=0. We can pose this problem for the dimensionless variable:
“u= u/U. We obtain: dtu= v dyyiy, 0) = 0 and {0, t) = 1. Sinceus dimensionless, itcan only
be a function of dimensionless variable(s), combining the variables y, v and t. There is

only one such variable that can be built .
vt

Therefore, we can look for u as a function of the variable § =_vy .
2;7vt
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Hence, we can write: u= F (), with: dzF + 2¢F = 0, F(0) = 1 and F(o) = 0. The solution is
well known: the complementary error function. It reads:

F(§) = erfc(§) = \z/—ﬁf; exp(—s?) ds.

Finally, we can transform easily this solution to obtain:

u(y,t) = U.erfc (_L)
2\/vt

In particular, we observe that at fixed distance to the plate, the velocity of the fluid will

converge to the velocity of the plate at the limit of infinite time.

From these examples, we can remark that the solution of a problem for a viscous fluid for
which we take the limitv = 0 is not equivalent to the similar problem solved in the ideal case.
Indeed, the boundary conditions are different in both cases. Then, even if the equations of
motion would be similar in the limit of zero viscosity, the general solution of a problem with

given boundaries would not be equivalent.

Finally, we come back to the formulation of the Navier-Stokes equations in the form:

)
~Jpvdv=— 3 0 gz,

ot i ik k
k=xy,z

Here, the index i represents the Cartesian coordinates %, y and z. The correspondence with

equations (6) leads to: Ilik = pdik —n (24 + &K) + pvivk. Then, the expression above is
00Xk 0Xj

exactly equivalent to Navier-Stokes equations (6). The interest of the last formula is that it is
easy to write down from it an expression of the force acting on a solid surface bounding the
fluid. The force acting on an element of the surface is just the momentum flux through this
element. The momentum flux through surface dX is Y k=xyz [likdZx. We write the element of

surface along the k-axis as dZx = dZX. nk, where n is the unit vector along the normal (along
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the outward normal to the fluid).
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Then, as v=0 at the solid surface, we conclude that the force (along the i-axis) acting on a unit
surface of the body is equal to:

vy dv;  Ovy

v
s s -+ —pn —n Y L+ 0

ik Oxk Oxi k i Oxk Oxi K
k=X,y,z k=x,y,z

The first term is the ordinary pressure of the fluid acting on the surface of the body, while the

second is the force of friction, due to viscosity.

Note also that if we have a surface of separation between 2 immiscible fluids, the conditions
at the surface are that the velocities of the fluids must be equal and the forces which they
exert on each other must be equal and opposite. This is a generalization to the case of real

fluids of the condition of the continuity of pressure for the ideal case.

§12.Reynolds number and related properties

We define a macroscopic (dimensionless) number corresponding to the ratio of the strength
of the non-linear effects to the strength of the linear viscous effects. In order to define this
quantity, we need to introduce a characteristic scale U for the velocity and a characteristic
length scale L of the flow. In addition, we write the characteristic time scale as T=L/U. Then,
we can pose the dimensionless parameter we are looking for, the Reynolds number,
Re=UL/v. Itis obvious to check that it corresponds to the ratio mentioned above. We remark
that the (kinematic) viscosity v has dimension L?/T, using these characteristic scales. This

corresponds to the diffusivity of the velocity: namely, in time T, velocity diffuses over a

distance of order vVvT. For example, for water at ambient temperature and pressure,
v~1mm/s?, so direct viscous effects diffuse velocity at a distance of order 1mm in one second.
Also, if we consider the flow of water with a speed of 1 m/s in a tank of 1 m, we obtain:

Re=10¢.
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We now introduce the dimensionless variables: (¥, ¥, z’)=(x/L, y/L, z/L), t=t/T, v'’=v/U.
The Navier-Stokes equations can then be re-written using the prime (dimensionless)

variables in the form:
!

av . 1
__+(v.grad)(v) = —grad'(p) + _A'v"
ot’ Re

Here, we can check that p’=p/(pU?). With this expression, we can see that solutions present
a scaling invariance v - Av(Ax, A%t), up to the limit of the continuum hypothesis. This leads to
the law of similarity: flows which can be obtained from one another by simply changing the
unit of measurement of coordinates and velocities are said similar. Thus flows of the sametype

and same Reynolds numbers are similar.

As the Reynolds number is a standard referenced quantity for various flows, this last
expression is useful in order to make some comparisons between the relevant terms of the
equation:

i.  For example, we may think that we can neglect the viscous term the Navier-Stokes
equations in comparison with the convective term when the Reynolds number is
sufficiently large (at small viscosity). However, the Navier-Stokes equations
correspond to a singular perturbation of the Euler equations, since the viscosity
multiplies the term that contains the highest-order spatial derivatives. As a result, this
is not always possible to operate this simplification. The high Reynolds number limit
of the Navier-Stokes equations is a very difficult problem, where turbulent effects may
dominate the dynamic of the flow.

ii.  On the other hand, the limit of small Reynolds numbers is particularly simple. For

steady flow of incompressible viscous fluid, the Navier-Stokes equations read:

1 n
(v.grad)(v) = — Bgrad(p) + EAV.

Using the same notations for characteristic scales as defined above, the convective

term is of the order U?/L,. The diffusive term is of the order of magnitude »U/L?. The
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p
ratio of the two is the Reynolds number (by definition). Hence, the convective term
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may be neglected if the Reynolds number is small, and the equations become linear:
—grad(p) + nAv = 0. Together with the continuity equation div(v) = 0, it completely
determines the motion of the fluid. It is useful to note that:

—grad(p) + nAv = 0 implies Acurl(v) = 0.

Using these formulae, it is possible to determine the force exerted on a ‘fixed’ sphere
(of radius R) by a moving fluid, having a given velocity U constant at infinity, far away
from the sphere body. This force is also called the drag force (F). As already shown in
previous sections, the solution of this problem with the Euler’s formalism gives a
resulting null force. Using the Navier-Stokes formalism, in the small Reynolds number
approximation, we expect that the answer is non-zero due to the presence of the
viscosity coefficient. Indeed, it can be shown that F = 6tmR||U]||, with a force parallel
to the velocity direction U. This formula is called the Stokes formula. After a trivial
change of reference frame, it gives the drag force on a sphere moving slowly in a fluid
at rest at infinity. We notice that the drag is proportional to the first power of the
velocity and viscosity coefficient, as well as linear in the dimension of the body. These

are general properties, whatever the exact shape of the body considered.

Finally, we discuss an interesting physics effect for real fluids: boundary layers that we have
briefly mentioned in §8. We consider a simple example first. Assume that the half space

y > 0 is filled with a fluid, bounded by a plate (xz-plane) at y = 0. We consider that the plate
is fixed and the fluid moves at constant velocity U along the x-axis at y = co. We have solved
a similar problem in the previous section. Here, only boundary conditions are changed
compared to our previous discussion. They read: u(y = oo,t) = U and u(0,t) = 0.

The solution follows:

¢ )

= U.erf here erf = exp —s ds
uvy,t (W 3 \/T[fo p

13
y O ° 7 (9
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0.8U

0.6U

04U

20
0.2t boundary layer

g=y/\[vt]
3

(B
ot

P
The region in which the velocity field departs significantly from the constant flow U is called

boundary layer: according to the expression of u(y, t), this layer is proportional to v/vt. Hence,

for fixed time, the boundary layer decreases as 1/vRe.

We summarize the differences between incompressible Euler’s and Navier-Stokes equations:

Navier-Stokes: Euler:

p=constant, taken to be 1 (in proper units) | p=constant, taken to be 1 (in proper units)
ov 1 ov

__+ (v.grad)(v) = —grad(p) + _Av __+ (v.grad)(v) = —grad(p)

ot Re ot

div(v)=0 div(v)=0

v=0 at fixed boundary v.n=0 at fixed boundary

We assume that both types of flows coincide at initial time and that both flows are irrotational
at initial time. Under Euler’s formalism, the flow stays irrotational at all times. Under Navier-
Stokes equations, the effect observed in the example above can be generalized: the flow is
drastically modified (compared to the ideal case) near the boundary in a region with

thickness proportional to 1/vRe. In addition, this (local) effect may be a source of vorticity.
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§13. The millennium problem of the Clay Institute

With all the knowledge of the previous sections, we can pose the millennium problem related
to Navier-Stokes equations.

Given the Navier-Stokes equations for incompressible fluids in 3-dimensional space:

v ) () )

v.erad v =— grad 4+ Avanddivv =0
ot + V.8 pg p 0
(NSD

for Navier — Stokes — Incompressible

withv =v(x,t > 0) and p = p(x,t = 0).

Given smooth (divergence free and infinitely differentiable) initial conditions:

vo(x) = v(x,t = 0).

Given boundary conditions at infinity: the statement of the problem indicates that for

physically reasonable solutions, such that the velocity field does not grow large as ||x|| — oo,

the space of initial conditions is restricted to functions for which the norm of space
derivatives of any order (written schematically as: ||d2v ||) is bounded. Precisely, for any
x 0

order o and for any constant K, there exists a constant C(a, K) such that:
C(a, K)
loev ol <
(1 + [IxID¥
1
Here the norm of a function f: ) — IR has to be understood as ||f|| = (fﬂ [f(x)|?dx)2.

Then, prove that:

Option 1: there exists v(x,t = 0) and p(x,t = 0) solutions of (NSI) which are infinitely
differentiable in space and time coordinates (for t = 0), with bounded kinetic energy
over the all space. Precisely, there exists a constant such that: [|lv(x, t)||?d3x <

constant for t = 0.
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Option 2: there exists a divergence free and infinitely differentiable vector field
vo(x, t = 0) satisfying the boundary conditions and a smooth external force vector
field, such that there exists no solution of (NSI) infinitely differentiable in space and
time coordinates (for t > 0) and with bounded energy over the all space. In this option,
the force vector field f(x,t) is simply added to the vector equation (NSI). It is assumed
to be bounded at infinity. Precisely, for any orders a and 3 and for any constant K,
there exists a constant C(a, 3, K) such that:

C(a B, K
oot < P
X t

(1 + [IxI[ + DF

Options 1 or 2 are equally good to solve the problem stated by the Clay mathematical institute
(CMI) and get the 1 million dollars prize.
Alternatively, instead of taking boundary conditions with strong decay at infinity, we can

consider periodic boundary conditions in space coordinates for vo, vand f, and one additional

condition for the external force: ||6;(x atﬁf(x, t)|| < C¢@BK), Then, options 1 and 2 can be posed
(1+0K

in a similar way as done above.

At the end, with the 2 types of boundary conditions, we have 4 possible statements of the

problem. The CMI asks for the proof of one of them to get the prize.

In short, this problem raises the question of whether arbitrary smooth (also called regular)
solutions of the incompressible Navier-Stokes equations in 3-dimensional space can be
continued globally from smooth initial data or not. Either, one needs to prove that initially
smooth solutions with strong decay conditions at infinity (or with periodic boundary
conditions) remain smooth for all times, or one needs to find at least one solution which

blows up in finite time.

If this problem is solved positively, it would imply:

NAME- RIZWANA SULTANA
DESIGNATION-Guest Faculty
Mechanical Engineering Department 66



i.  The existence of solutions: the system described by the equations must have a way to
evolve in the future.
ii.  The uniqueness: there must not be arbitrary choices for this evolution.
iii. ~ And the continuous dependence on the initial state: any future state of the system is
determined, to arbitrary finite precision, by the initial conditions to a sufficient finite

precision.

Obviously, a complete answer to this problem is still open. However, what is known is that
this problem can be solved locally! Starting out from divergence free and infinitely
differentiable (smooth) initial conditions vo(x), solutions for v(x, t > 0) and p(x, t = 0) are
unique, depend continuously on the initial conditions, and remain smooth for at least,
possibly short, interval of time: [0, T*], where T* depends on vo(x). It is not known if the
solutions exist for t > T*. This last statement holds for Navier-Stokes equations as well as
Euler’s equations. We prove rigorously this result in the next section.

Then, either a given solution (from a given initial condition) can be continued for all times or
it exists only up to T* and the norm of the solution diverges when t — T*: the solution is
blowing up at T*. Then, schematically, proving the problem globally reduces to finding a

bound on the norm of the solution for all times.

Some interesting partial results are known:

1. In 2-dimensional space, the problem has been solved and there exists smooth and
globally defined solutions. Very roughly, in 2-dimensional space, the dissipation of
energy due to friction is sufficiently strong to prevent blow-up of finite energy
solutions. Note that for the Euler’s formalism, the same conclusion holds, for a simple
reason that we discuss in detail later: in 2-dimensional space, vorticity is conserved
as a scalar quantity along flow lines. The key point is that for Euler’s formalism, it can
be shown that any singularity of the velocity field or its derivatives of any order is
necessarily a singularity in the vorticity. Then, the conservation of vorticity in 2-

dimensional space is sufficient to prevent blow-up of finite energy solutions.
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2. In 3-dimensional space, if v(x, t = 0) is sufficiently small, the problem is also solved
positively for Navier-Stokes equations and there exists smooth and globally defined
solutions. Much effort has been spent on characterizing smallness, in terms of
smallness of initial conditions, of the viscosity being large, or of the solution being in
some sense close to some known special solution. Physically, the effect of the diffusion

term 1 Av is so strong that any perturbation coming from the convective term
p

(v. grad)(v) is damped away before it could lead to singularities. Intuitively, if fluid
equations for water are in danger of developing singularities, we replace water by
honey, sufficiently viscous, and no singularity can develop. Obviously, these kinds of
results are not available for Euler’s equation, where the viscosity is absent.

3. Finally, another class of partial results known to hold for Navier-Stokes equations, but
not for Euler’s formalism, concerns the existence of the so-called weak solutions (J.
Leray 1933). In fact, solutions of Navier-Stokes equations can be continued past the
time of their first possible singularity as weak or generalized solutions. We do not
want to describe this mathematical issue here. This means that equations are satisfied
by weak solutions in an average sense but not point by point. Weak solutions exist

globally in time. However, they are not known to be unique!

From these first comments, we understand that the difficulty of the problem comes from the
relative balance between the quadratic term and the diffusive term in equations while the

evolution in time is realized. Similar observations have been done in §7 for much simpler

dynamical systems. Indeed, for the one dimensional equation: ¢ = —u + u?, we have shown
dt

rigorously that there is a global existence of solutions with small initial data and local

existence (in time) of solutions with large initial data. Also, for the one dimensional equation:

a(u2)
Ou 4 - u 4+ u9W = 0, we have noticed that a (unique) global smooth solution may not
ot ox ot ox

exist in general.
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Clearly also, when the quadratic term can be neglected in Navier-Stokes equations (NSI), we

obtain a much simpler system following:
av

ot

Where we have posed p=1. Taking the divergence of the last expression, we obtain a single

= —grad(p) + vAv [with div(v) = 0].

equation for the pressure field Ap = 0, which decouples the pressure field dependence in
space from the velocity field.

This system of equations (for v = v(x, t > 0) and p = p(X, t = 0)) can be solved according to
initial and boundary conditions as given, which justifies the conclusion of point (2)

mentioned above.

For the general form of the Navier-Stokes equations, it is also possible to take the divergence
of the equations. Then, the Laplace’s operator of the pressure is more complex. Indeed we
need to consider the divergence of the quadratic (convective) term. With simple algebra, we

obtain:

3 gv ov

—Ap = N}
P=2 o on
ij=1

We have used the notation: (xi)i=1,23 = (X, y, z). This means that the pressure field is a given
function of the velocities at the same instant time. Any change in the velocity field at a position
x affects the pressure field immediately everywhere else. This is the subtle reason why no
initial and boundary conditions have been mentioned for the pressure field in the statement
of the problem at the beginning of this section. Otherwise the problem would be ill-posed.
This effect is a direct consequence of the incompressible condition, which assumes that the
sound speed is infinite compared to the magnitude of the flow speed. This implies that sound
waves can carry any perturbations of the pressure field (8p) instantaneously across the

entire volume of the fluid.
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Finally, we conclude this presentation of the millennium problem by a remark concerning the
interplay between Euler’s and Navier-Stokes equations. The statement of the millennium
problem is related only to Navier-Stokes equations in 3-dimensional space. However, as we
have seen, the case of small Reynolds numbers is not difficult, when the quadratic term can
be neglected, or at least do not dominate the evolution in time of the velocity field, while the
case of high Reynolds numbers is really hard. Indeed, in this case, turbulent effects can appear
that could lead to divergent solutions: that’s what we need to understand. That’s the reason
why the Euler’s formalism can be thought of as a good ‘laboratory’ to approach the Navier-
Stokes one in the latter case. Indeed, we can expect that, under some conditions, a result
which is valid for any finite, but very large, Reynolds number is also compatible with results
concerning infinite Reynolds number (Euler’s formalism). This is not a general statement but
it justifies that we can gain ideas from the infinite Reynolds number scenario to enrich the

discussion of the millennium problem.

§14. Bounds and partial proofs

As it is clear from the statement of the millennium problem (§14), we can gain a deeper view
of how to approach it by proper definitions of bounds on the norms of functions or their
derivatives. Assuming that we have such definitions, it may be possible to apply this
formalism to (NSI) equations in order to find upper limit to the magnitude of velocity field
and its derivatives, and to relate such results to energy dissipation. This is the purpose of this
section to give a precise content to the formalism and answer as much as possible the last

open points.

We recall some basic definitions and notations for continuous real valued functions defined
on a set () (that can be the set of real numbers IR or an interval [a, b] of IR), f: Q = IR.

All the mathematics we introduce in this section is useful for the millennium problem. We
present them in the simplest way, avoiding the technical jargon as much as possible. In order

to simplify the presentation, we assume first that f depends on only one variable x (a real
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number contained in Q). When f is measurable on (), we can define a norm of the function

f: Q) - IR as:

T =

[fllLocqy = (J 1f(x)|pdx) withp > 1.
Q

This defines in parallel the set of functions for which [[f[|Lp(q) is finite:

Lr(Q) = {f: Q - IR, [fl|Lo(q) < o0}.

Note that [|f||Ls() is really a norm in the mathematical sense, with LP(Q)) being a Hilbert set.
Itis called a Lebesgue’s set. We do not need to enter into the details of these notions here. In
words, it means that LP(Q) is an abstract vector set (of functions) that allows length and angle
to be measured. In this sense, the norm defined above represents a length in Lr(Q). In what
follows, what we need is to consider mainly the case: p=2, functions which are square-

integrable. Then, we get for the norm of f: ) — IR (squared):

”fllfz(g)zf |f(X)|2dX
Q

The related set of square-integrable functions is:

L2(Q) = {f: Q - IR, [|f|[L2@) < oo}.
We see that these definitions of L2(Q) and ||f||fzm}5epresent a kind of generalization of whatis
well known for the algebra of vectors. These definitions can be extended trivially to functions

that depend on 2 or 3 or even more real variables, defined on spaces Q of 2, 3 or

more dimensions.

In the context of the millennium problem, we are searching for velocity fields (solutions of
partial differential equations if they exist) that must belong to the set of functions Lz(Q),
where () represents the 3-dimensional space of coordinates IR3. Indeed, the kinetic energy is
required to be bounded over the all space, which means that [||v(x, t)||*d3x is finite for t > 0,

where
[llv(x, D)I2d3x = [[v3(x,t) + v3(x,t) + v2(x,t)] d3x.
X y Z
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We write the integral over space of the velocity vector squared ([||v(x, t)||2d3x) as “V”sz(Q)

according to the definition above, extended to the 3-dimensional case. In addition to the fact
that ||v||22( y must remain finite, as the equations (NSI) contain also derivatives of the
L Q

velocity field over space coordinates, these derivatives for regular solutions, if they exist,
must also remain of finite magnitude ( length or norm in LZ(Q)) up to a certain order that we
discuss later. We write generically dmvi the derivative of order m for the component i of the
velocity field. Precisely, let (m1, m, m3) be a set of 3 integers, such that

m = mi1 + mz2 + ms.

Then:

omvi = gmy = gml gmz gm3y .
X i X y z i

o M ]
Where we use the standard notation: gm? — —
x = (ax) . In the following, we use also: di =

ax;
e For m=0, this is simply the component i of the velocity field d%i = vi and:

laov|[2 = [[v? + v2 + v2] d3x.
L2(Q) X y zZ

e Form=1:
3 2
llowl]2 = [3lov]| dx
L?(Q) 1]
ij=1

This represents the length (norm) squared of the first derivative (1-gradient) of the

velocity field in LZ(Q). Clearly, this length (or magnitude) must remain finite for all

times for a regular solution of (NSI) following the millennium problem.
e In general the norm in L2(Q) of the derivative of order m (m-gradient) of the velocity

field reads:
3
lomv][z =3 3 |9migmzgmiy|°d3x (withm +m +m =m)

L2(Q) X j=1 mj1,mz,ms3
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Therefore, following these definitions, it is useful to define special sets of functions (here the
velocity fields v(x, t): Q X [0, o[- IR3) in terms of the norms in L2(Q) of their derivatives,

namely a category of what Sobolev’s sets:

Hs(Q)) = {v:Q X [0, co[— IR3 such that v € LZ(Q2) and VYm < s,dmv € L2(Q)}.

Here, Q is the 3-dimensional space IR3 or a subset of it. This definition corresponds to
Sobolev’s sets of rank s (integer), defined on L2({), with the definition of the derivatives as
written above. A norm (squared) in Hs(Q2) can then be expressed as:

2
2 — k

k<s

We write explicitly some simple examples for single real valued functions (with Q=IR):
o H°(Q) = L2(Q)
o H(Q) = {f:Q — IR such that f € LZ(Q) and 0f € L2(Q)}
o H2(Q) = {f: Q - IR such that f € L2(Q), of € L2(Q) and 9*f € L2(Q)}

Hm(Q) = {f:Q - IR suzch that f € L2(Q), of € L2(Q), ..., omf € L2(Q)} (m integer)
Ifl1Zm =3Xm [|0M]] = |lo°f][>  + o> + -+ + [[omf]|?

H (@) k=0 L2(Q) L2 L2 L2(Q)

Note that Hs(Q2) can also be defined for real values of s. In this case, we need to generalize the

formula above. For simplicity, we provide the new definition for single real valued function:
Il 5 = JCL+ BT *ds,

Here, f is the Fourier transform of f: Q — IR. Extension of the definition to dimension 3 is

immediate.
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Exercise: We consider a single real valued function, f: Q = IR — IR. We note f its Fourier

transform. Prove that there exist 2 real numbers c1 and c2 such that:

2
c1 J QL+ [EI)*IEE)1 2dE < lIfllfis oy < 2 J(1 +[812)°1(®)] d&  with s integer.
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Remark: based this property, it is then possible to prove that [(1+ |E|2)5|(E)|2 d€ is
equivalent to the standard norm (squared) in Hs(2) even when s is a real number.
Solution: a few hints. With 8f(§) = i«€x(%), we can show that:

161150y = S {ZasslE PO dE.

Then, we need to find upper and lower bounds of the term Y «<s|€%|2. They are given by terms

proportional to (1 + |€]?)s.

A final important definition, clearly needed to approach the millennium problem, is the set of
bounded and measurable velocity fields on a set ) = IR3 at a given time t. We define:

||v]|Le(qy = {smallest C = 0, |[v(x, )| < C for almost every x in Q} = [|v||Leo(q) (L).

Then, the set of velocity fields bounded in Q (for a given instant t), L*({), is defined as the
set of velocity fields such that: ||v||Lx()(t) < co. Obviously, the same definition holds also for

any derivative of the velocity field. For the gradient of the velocity fields, it reads:

[|0V||Leocqy = {smallest C = 0, [|ov(x,t)|| < C for almost every x in Q} = r)?ealngIav(x, )]

In practice, Sobolev’s sets of functions are useful because they inform us that a function and
its derivatives up to a certain order belongs to LZ(Q). Then, it would be interesting to
conclude from this property that the functions belonging to a particular Sobolev’s set are
(continuously) differentiable up to a certain order, to be related to the rank of the Sobolev’s
set. This kind of statement (if possible) corresponds to what is called embedding. In general,

a set of functions X is said to be embedded in the set of functions Y (written as

X cY) if all elements (functions) in X are also in Y. We start with a trivial example for single

real valued (measurable) functions: L*(Q) c L1(Q).

Then, L*(Q) is embedded in L1(Q2), where L1(Q) is the Lebesgue’s set of functions such that

(fQ |f(x)|dx) is finite. This means also that L1(Q) contains L*(Q). An important consequence
that derives from this definition is that if X < Y, then there exists a constant C > 0 such that:
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[Iflly < C [|f]|x. The last inequality can also be taken as a definition of X c Y. In the following,

it will be clear how to use this notion in very efficient ways.
Some important embedding properties are stated below:
(1) s < timplies that: H{(Q2) < Hs(Q)
(2) Hstk(Q)) < Ck(Q) for s > D_(where k = 1 and D is the dimension of space (2),
2

Ck(Q)) = set of functions k — times differentiable in (), with
Kk
IVl gy = % max|lopvCOll
p=1

Summary of the mathematical definitions and properties for 3-dimensional set Q:

L2(Q) = {v:Q X [0, o[- IR3, ||v||tx@) < oo} with ||V||2LZ(Q) = [ |Iv(x, t)||2d3x.
Q

v:(Q X [0, 0[— IR3 such that v € L2(2) and V m = m1 + mz2 + m3 <,

H*(Q) = { o™y = Ay 072 97V € L2(Q)

. 2
with [VIlfsqy = SN0V -

k<s

|[V|lLogq)(t) = the upper value of ||v(x, t)|| in Q.
Embedding:

X c Y ifall elements (functions) in Xare alsoin Y. If X C Y,

then there exists a constant C > 0 such that: ||f|[y < C ||f||x.

3 D
Hs+k(Q)) < Ck(Q) fors > 7= 3 (where k = 1 and D is the dimension of space Q).
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It is time to use the mathematical notions exposed above in order to progress in the
understanding of the millennium problem. However, this would be too hard to start directly
with Navier-Stokes equations. That’s the reason why we apply first the above definitions and
properties to the case of (incompressible) Euler’s equations. We discuss (mathematically) 2
issues related to regularity of solutions of the Euler’s equations: (i) the local existence and
uniqueness of such solutions and (ii) the role of vorticity. And then, we discuss some
mathematical issues for the case of the Navier-Stokes equations (in the presence of viscosity).

We pose: Q=IR3 (unless explicitly stated otherwise) and p=constant=1.
Also, we write LZ for LZ(Q) and similarly for other sets of functions used hereafter.

A last comment is needed before starting the discussion. We often need to estimate

differential inequalities like %lxt-s b(t)X(t), where X and b are positive functions. The last

differential inequality can be solved, it gives: X(t = 0) < X(O)exp[fot b(s)ds]. In particular if
b(t) is a constant (b) strictly positive: X(t > 0) < X(0)exp[bt]. In addition, if we know that

X(t) is bounded for all times, the only possible solution is then X(t = 0) = 0.

(D) We discuss the proof of the local existence and uniqueness of solutions of the
(incompressible) Euler equations in 3-dimensional space, under the hypothesis
that the initial condition is smooth and regular with strong decay at infinity (in
space). This is not a simple proof. We intend to show the important steps. The
interest is that it clearly illustrates how to make useful the above definitions and
some properties that come with them.

1. First, from Euler’s equations, it is possible to show that there exists a constant

C > 0 such that:

d 2 2
a_”é)kv”LSZ C [lov]] . ||E)kv||LZ (fork > 1).

We let the proof of this relation as this exercise (below). For k=0, i||60v||22 is
dt L

the time derivative of the kinetic energy which is constant in time (§9 and 10)
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and thus:
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d
[[o%v||? = 0.
dt L2
2. For m>1+3/2=1+4+D/2, where D is the dimension of space, we have already
mentioned that Hm(Q) is embedded in C!(Q), the set of continuous and

differentiable functions on (. This implies that there exists a constant A > 0

such that: [|v|[c1 < A ||v]|im, Knowing that we also have in general (from a

trivial embedding) ||0v]||L» < B [|v||c1 (with the constant B > 0), we can write:
lovilLe < Bllvllct < A.B [|v][sm

2
3. Then, using the definition of the norm in H™, ||v||?m =),  [|0kv]|| , as well as
H k<m L2

items (1) and (2), it can easily be seen that there exists a constant C' > 0 such
that:
d
Iv]]?m < C'|lV|® withm>1+4+3/2=1+D/2.
2dt H H™

Equivalently, we can write:

d
—||V mSC’ Vzm.
EVllan < € vl

4. This implies that v(x, t) (solution of the Euler’s equations) is bounded in H™ x

[0, T]. Its upper bound is given by (see §7 applied to differential inequalities):

1

VO ||Hm ]
||,0|| forT<T'=____  \n>1+3/2=1+D/2
1= C'TlIvolltn Cllvollsm

This proves the local existence.
5. The uniqueness can be shown by a simple reasoning. Assuming that there exist
2 solutions of the Euler’s equations u1 and uy, it is then possible to show that

there exists a constant K > 0 such that:
d
2 2

e lwe = welliz < K [lluaflgm + [Juzflgm][un - wzll.
As we know that K [||u1||am + ||uz[|um] > 0, this implies that u1 = ua.

(ii)  Next, we discuss the role of vorticity on the regularity of solutions of the Euler’s
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equations. We start from the inequality (i.1):
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d
“lowll® < cllavll - l194vilz, (fork > 1).
dt L2 L

Or equivalently:
d
¢ Vllam < Killovilee [[vllgm (K > 0).

Here m > 1, as we do not need the embedding relation between ||dv||L» and

||v||{jm which requires m > 1 4+ 3/2 [see (i.2)].

Note that [|0V]||Le = ||0V]||L~(t) and we have no way to guarantee that ||0v||L-(t) <
co at all times. The only statement that we have made (i.4) is that there is a finite
time up to which the velocity field is regular (and not blowing up). Indeed, we

obtain from the above the inequality:

t
Ivllym < lIvollgmexp [K [ |0VI|L dt].
0

Thus, as long as ||dv||L» < o in [0, T*], the velocity field v(x, t), solution of Euler’s
equations, exists up to T*. Starting from these relations, it is possible to prove
another important theorem concerning solutions of Euler’s equations (from Beale,

Kato and Majda in 1984):

We consider the velocity field v(x, t), solution of Euler’s equations in 3-
dimensional space, such that v(x, t) belongs to H™ (m>1+3/2) for allt
€ [0, T*]. We write w = V X v, the vorticity of this velocity field. Then, T*

is the maximum time for the velocity field to be in the above function

. T T
class if and only if fo [|w||p e dt = oo. In other words, fo [|w|lLe dt = o0

is a necessary and sufficient condition for blow-up at time T* for 3-
dimensional Euler’s equations. We let the proof of this theorem as an
exercise (below).

An immediate consequence of this theorem is that there is no finite time

blow-up in 2-dimensional Euler’s equations assuming that the initial
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vorticity field is bounded. This can be shown in various ways: we let this
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as an exercise (below). This implies the existence of global regular
solutions in this context. According to §8 or §9, in 2D, the vorticity is

conserved as a scalar.

Exercise: Consider the velocity field v(x, t) solution of the (incompressible) Euler equations
in 3-dimensional space, under the hypothesis that the initial condition is smooth and regular

with strong decay at infinity (in space).
2
Prove the inequality (i.1): i”@kvll . < Cllov]] | o. |IakV||2L2 (fork = 1).

A similar proof can easily be done in the case of periodic boundary conditions.

Solution: We start with k=1. We re-write ||61V||i2 as:

3 3
lowl2 =[S0y dv=3 flay| dv.

ij=1 ij=1
The integral is taken over the volume of the 3-dimensional space (), knowing that the
velocity field is strongly decaying at infinity (in space). Then, we take the time derivatives of
this quantity:
3
d
lowllz =Y oy 0 ia—tV]-dV.

ij=1

1d
2dt

The term in 'gEVj can be obtained from Euler’s equations in the absence of external field (in

which we take p=constant=1):

3
5}
a_tV] + ZvaaaV]'+ 6]p = 0.
a=1
In the following, we do not write the sum symbol for repeated indices, this is implicit. This

means that };3_; va 0« is written (simply) as v O

Euler’s equations become: :%Vj + va davj + 0jp = 0. Next, we introduce g—th in the expression

.. 1d 2
of the quantity - — [|01v]|*2.
q y 5= 9l
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We obtain:

1d 3
~ w2 =X —Jovaw av+apdv

2 dt L2 ij i a aij j
ij=1

= — [ 0ivj 3i(V« 0avj + 0jp) dV. (i andj are also repeated indices)
With:
[ 8ivj 0i(Va 0avj + 3jp) AV = [[0ivj 0iVa Oavj + 0iVjva 3i Davj + divj 0i djp] dV.

By integration by parts, with the condition of incompressibility dava = 0 and the fact that the
velocity field (at thus its derivatives) is zero at infinity (boundary surface), we can show very

easily that:
[[0ivjva i davj + ivj 0 djp] AV = 0.

Explicitly for one term:

J[0vjva 8i davj] AV = — [[0a[divjva] ivj] AV = — [[0«[0iv]] Va Bivj] AV

1 1
= [[0a[(0iv)?] Va] = 5 [1[(1v})?] 8ava] = O.

Then, we are left with the relation following Euler’s equations:
1d
~_llowl? =—f[avav gv]dv.

2 dt L2 ijia afj
The term [[divj 0iva davj] dV looks complicated. Also, it does not have a definite sign.
However, we can always write:
— [[81vj 0iva avi] AV < | [[01vj iva Davi] AV].
It follows that:
1d
__llowliz <1f[avav av]avl.

2 dt L2 ij ia aij
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In order to conclude the proof for k=1, it remains to show that ||dv]||L~. ||61v||2Lz is a proper

upper bound for the term on the right hand side. This term is built up by 3 gradients of the
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velocity: we can bound 2 of them by their Euclidian lengths and one by ||0v||L» (by definition
of ||. ||»). Then, the term ||dv||L» comes out of the integral. Altogether, we obtain:
3
[J[ovdv a v]dV| <A.||av] «. 3 [|d v]| dV = A.||ov]| «.|dv]|? .

i ia aj L i L L2
ij=1

Here, A is a strictly positive constant. This completes the proof for k=1.

We now consider the general case: k > 1. The proof follows exactly the same development as

the case k=1. Indeed, we have:
||6kv||2 = f23 D |okv |2 dV with gk = gk1 gk2 9k3 (andk =k +k +k).

L2 j=1 ki,k2,k3 j X 'y z 1 2 3

It is easier to keep the generic notation d¥ in the formula. Then, we can easily show:
L vl < |0 9kve davi V],
2dt L2

Again in a similar way as before, we can bound the 2 k-gradients by their Euclidian lengths

and the 1-gradient by ||dv/||L». We obtain finally the inequality:

2
g;||8kv||LZ < C ||0V]|Le. ||0 kv||i2 (for k > 1), which completes the proof (k > 1).
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Exercise: Justify the result from Beale, Kato, and Majda in 1984: we consider the velocity field
v(x,t), solution of Euler’s equations in 3-dimensional space, such that v(x,t) belongs to Hm
(m>1+3/2) forall t € [0, T*].

We write the vorticity w = V X v(., t). Then, T* is the maximum time for the velocity field to

be in the above function class if and only if fOT*Ilwll Lo dt = oo.

Hint: we assume that the following relation holds:

t
lov]|Le < ||0vo|lL= exp [C [ ||dw]|lL» dt] (C a positive constant).
0
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Solution: The first part of the proofis trivial: if fOT [|w||lLe dt = oo,

this implies that ||w|| I‘f(t) ——— o0, and obviously the velocity function cannot belong to
t—>T"

Hm (m>1+3/2) for all t € [0, T*]. For the second part of the proof, we need to justify that as

*

long as ||w|| .~ < oo in [0, T*] (or fo ||w]| = dt < o), then v(X, t) solution of Euler’s equations

exists up to T*.

From the inequality (i.1): ||v|lgm < ||vo|lgmexp [C fotllavllLoo dt]. We conclude immediately

that as long as ||dv]||L» < oo in [0, T*], the velocity field v(x, t), solution of Euler’s equations,

exists up to T*.

To complete the second part of the proof, we need to show the following relation:

Jy

*

T" . . . .
|w|| = dt < co => fo |[ov]|Le dt < oo. This is a direct consequence of the relation given

in the statement of the exercise. This completes the proof.
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Exercise: Prove that in 2-dimensional space Euler’s equations admit global regular solutions
v(x, t) under initial and boundary conditions (with strong decay at infinity).

Solution: This exercise is a direct consequence from the 2 previous ones. There are 3 simple
methods__to achieve the proof. (1) In 2D, we have the great simplification:
[[0ivj diva 0avi] AV = 0. It is equivalent to the absence of the vortex stretching term in the

2 2. is conserved

vorticity equation presented in previous sections. This implies that ||d1v]| 12 (1IR2)

2
2

(and thus bounded once the initial condition is), as well as ||v||*z (R’

This makes the proof.

(2) Equivalently, we can use the previous result on the behavior of ||w]||Le(t).

Once the vorticity is finite at initial time, there is no possibility for the existence of a blow-up

time: ||w||Le (t) - o. This completes the proof. (3) Finally, it is immediate to see that the

Lp(IR?) norm of the vorticity ||w||ip (r?) 1s preserved for p > 2. This is also a guarantee that
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|lw]||L~(t) remains finite for all times. This ensures the existence of global regular solution of

Euler’s equations.

In summary, we have seen how to apply the mathematical notions introduced at the
beginning of this section in order to search for bounds on the velocity field or its derivatives
in the case of (incompressible) Euler’s equations. This has allowed us to prove some
fundamental theorems related to Euler’s equations. We come back to the case of the Navier-
Stokes equations (i.e. in the presence of viscosity), in the context of the millennium problem.

The elements of reasoning follow what we have developed concerning the Euler’s equations.
Namely, we need to check whether ||v(t)||22 and ||61v(t)||22 are bounded for all times or not.
L L

In the case of Euler’s equations in 3-dimensional space, we have seen that ||01v(t)||L22 is only
locally bounded up to a critical time T*. However, we could expect that, even if solutions of
Euler’s equations could blow up, solutions of Navier-Stokes would not due to the viscosity
term. The idea is that this term could be sufficient to control the non-linearity of the
equations. That’s the reason why the proofs done for the Euler’s case do not directly imply
similar results for the Navier-Stokes equations. Therefore we need dedicated proofs for the

Navier-Stokes case and thus the millennium problem.

We start with the norm of the velocity field (squared): ||V(t)||iZ- We have already discussed

the time evolution of ||v(t) ||iz in §10, where we have shown that:

1d 3 2

vz =-nSxloy| av.

2dt b izt

We recall briefly the key points of the proof. First, we have the trivial identity:

] . .. -
li”V”ZZ = ij _vj dV (summation implicit on repeated indices).
2 dt L ot
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The Navier-Stokes equation for the component j of the velocity reads in the absence of
external force:

d
_V+V gv+dp=nd Ov.

ot a o j j a o j

We could take into account a regular external force. This would not modify the line of the

. . .9 . . 1d
proof and the conclusions would be similar. Including _ vj into __||v||22 leads to:
at 2dt L

d
~ vl =fv[-v v -ap+na av]av.

2 . . . -
Zdt L )] a o ] )] a o )

After integrations by parts with vanishing velocity at boundaries and the incompressibility

condition, it is trivial to show that:
J[—Vjva 0avj — vj 9jp] AV = 0.

Again, after integration by parts, the last term becomes:

3

Sy, 8,8,v,1dV = —n [ £ [9 y] av.
o,j=1

This gives the result. This term represents the rate of dissipation of the energy. Therefore the
. . . . T 3 2
cumulative energy dissipation up to time Tisequalto: nf [Y° [dv| dVdt

t=0 Lj=1 1]
We obtain:
1 T 3 5 T
_ ||v||fz(T) =E(0) - nJ [Zlow| dvdt=E@©)— nf IIalvllsz dt.
2 t=0 t=0

ij=1

NAME- RIZWANA SULTANA
DESIGNATION-Guest Faculty
Mechanical Engineering Department 93



illvllzz (t) is bounded by the initial energy E(0) for all times as well as the
2 L

cumulative energy dissipation (as E(0) — nfT [¥3 Jav |2dV dt > 0). Note that for

In conclusion,

t=0 Lj=1 i j
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Euler’s equations, the energy is a constant of motion, thus there is no implied bound on the
2
space time integral of 3 [0V | .
Lj=1 1]

The situation looks more favorable for Navier-Stokes equations at this step.

We now discuss the other point: the time evolution of the quantity l|a1v]||%. The beginning
dt L

of the computation is easy:

1d 9
~_lowl? =fova vdv=[0va[-v d v-ap+nd dv]dV.

2 dt L 1) 19¢ ) 1 1 a o j j o o j

Following similar arguments as above, we can simplify this expression into:

1d
~llowliz ==fovav g vdv-nfa ava avav

2 PR . PR .
2 dt L ij ia afj i ij o aj

= — f 0iVj 0iVa 0avj AV — T]||V2V||iz.

With the notation:
||V2v||iz = [ i 0vj 0 dav; AV = [||V2V||* dV (can also be written as [||Av]|[* dV).

Here, the norm under the integral is the standard vector norm. We obtain at this step of the

calculations:
1d ,
C 0wl +lvRvIiz =—favav av av.

2 2 PR .
2 dt L L ij 1o of

The integral on the right hand side is similar to the one obtained in the developments done

for Euler’s equations. There is a new term (on the left hand side) related to the viscosity.
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We first make a remark concerning the 2-dimensional case: in 2D, [ 9ivj diva dav; dV = 0.
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o 1d , 2 +lvivi®
Then we obtain (in 2D): __ [|dv]|* 2 =0. We conclude that

2dt L (IR) L (IR)

lov]|% - (t)and also ||V x vli“Z (t) are uniformly bounded at all times. This is the proof
L (IR) L (IR )

of the existence of global regular solutions in 2D. This is a consequence from the fact that the

term [ divj diva davj dV is directly related to the vortex stretching of the vorticity, which

disappears in 2D (see previous sections).

In dimension 3 (3D), this is more complicated. After some algebra that we admit here, we can

write:
» Co : ® (Cand Cy> 0
[ 9w diva dav; AV < C |9 VIIZ|IV2V][22 < —||V2V]| 2 + Cylldtv]l. (C2RdCEn > 0).
L L 2 L

Note that the algebra needed in order to derive the last formula is presented in the appendix
to this document. It requires the successive use of Holder’s, Sobolev’s and scaled Young’s

inequalities.

Then:

1d )
llotvl| N, 2 e .

2dt < =, B VlaHC OV

This inequality can be transformed using the relation:

0WlIf2 = [ 8iv; Biv; AV = — ['v; 8 Biv; AV < [IV]| 12 |V2V]] 2.

Finally:

1 4
Ld gz, < —MHOVIE 4 ¢S,
2dt L 2 |lv]lZ2 L

In particular, the last relation leads to the inequality:
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[l0tv]|2 < C
2 dt L2

llotv]l® .

L2
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This implies:

ol < NOVIEO)

L

1
[1 — 2Cqllovl|f2(0)t]?
This proves the local existence of solutions of the Navier-Stokes equations (similarly to the

previous result obtained for Euler’s equations) up to the critical time T* such that:

1
[2CqllatvIIt(0)]

*

4
Note that this is because the positive term Cy|[01V|| % may be too large compared to — n l19tv) 2
L

2 vl 2
that we may observe a finite-time blow-up of ||01V||i2 (v).
In summary, we have a set of coupled inequalities:
L | H ”4
2 \% L2 — - n o VLZ t Zdt 2 ||V||L2
< E(0)
It is important to notice that if there exists a time T for which:
MLRTE 6 2
L
-3 iz, (T) + Cyl|[01v]|2(T) > 0. Then |[dv]|,2(t) can only decrease for t > T, and the

following inequality holds:

n ||01V|Iiz
2 D+ Gl = 1) >0

This means that if the initial conditions are such that:

n 1wz 6
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— = (t = 0) + Cy||d1v]|2(t = 0) > 0.

2 Ivil*,
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Then the solution stays regular for all times. Stated otherwise, for small enough initial
conditions ||V0||iz ||61VO||2Lz (given by the above inequality), ||01v||2E(t) is finite for all times,

this ensures the existence (and uniqueness) of global regular solutions.

Note that instead of searching for inequalities for ||61v||iz, we can work with the norm of the

vorticity |lw = V X vlliz. The results are absolutely equivalent, but it is interesting to prove

this rigorously. Following a similar developments as previously, we can show:

d n
lwl> = = "ll0twll* +C |lw]ls .

2 dt L2 2 L2 n L2

Using the inequality lwll*2 < B |Iv]%||01w])% (B > 0) (see appendix to this document), we

L L L
get:
d 2 LITPYPRTE
__llel? = = "llo'll? +B.C |2 [Iv]? [0l .
2dt Y 2 L2 L 12
Altogether:
1d ,
ol < [B.C Jlwll? [IV]Z TR
2 dt 12 n L2 LZ_Z] 0w 2

Then, the following inequality holds iillwllzz < 0 provided that:

2dt L
2 2 N
B.C llw [I* [Iv Il
2 -
noor 2 < >

1d o
lwll% < 0 implies that |Jw||%(t) < |lwol|% for
2dt L L L

all times. Obviously, as [|wo||*2 = ||@1vo||%, the above inequality is exactly equivalent to the
L L

Since ||[v]|%2(t) < ||vo||%, the inequality
L L
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conclusion on the smallness of ||vo||%2||81vol| .
L L

NAME- RIZWANA SULTANA
DESIGNATION-Guest Faculty
Mechanical Engineering Department

10z



Finally, we discuss what would be needed to obtain regular solutions for any arbitrary large
initial conditions. We already know that ||V||iz (t) is bounded for all times. We check at which

conditions, we could find that ||01V||Ez is also bounded at all times. For this, we can express
the upper bound of the 3 gradients of the velocity in a specific way. As previously, we start

with:
1d ,
C 0wl +lvRvIiz =—favav av av.

2 2 .
2 dt L L ij 1o of

After some algebra (admitted here), we can obtain the following inequality:

—Jovav avdv<N|vavlz +C llowl2lvlE ¢ >0).

ij ia afj 2 L2 n L2 L4 n

Again, we recall that the algebra needed in order to derive the last formula is presented in
the appendix to this document. It requires the successive use of Holder’s, Sobolev’s and scaled

Young's inequalities.

Explicitly, we can write:

|M}=M@@=memmm?

If we could prove that this term is bounded for all times, ||V||i4 (t) < K, then we would get:

d
o> +nllV3vlZ2 n , 2 Nre.
2dt 2 LzSZIV V2 +CnK OV 2
Or:
d 2
[|otv] N, 2 IIt2.
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Zdt LZS_ZW v||L2+Cn.K aVLz

This would imply immediately that ||61v||iz also is bounded for all times! And consequently

we would conclude on the regularity of solutions of the Navier-Stokes equations (under the
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hypothesis of the millennium problem). In fact, this is what we miss in the partial proofs. We
would need to find a bound on the norm of the velocity field, not only in L2(IR3), but also in

L4(IR3). An intuitive explanation is given below.

Beyond all these mathematical inequalities, we try to find an intuitive reason why this is so
hard to prove the global regularity of solutions of the Navier-Stokes equations in the context

of the millennium problem.

A key point is to recall that the Navier-Stokes equations are invariant under the

transformation:

va(x, t) = Av(Ax,A%t) and pa(x,t) = A%pa(Ax, A%t).

This means that if the velocity field v is a solution of the equations, then the velocity field va
is another acceptable solution (by construction). Also, this implies A||val|% = |[v||% and

L L

2
therefore ||[v || = A|[v]|? . We can think of this transformation, with A > 1, as taking the
1/A |2 L2

fine-scale behavior of the velocity field v and matching it with an identical (but rescaled and

slowed down) coarse scale behavior of vi/.

Along the mathematical arguments given previously, our goal was to find upper bounds on
. . . . T
the maximum energy max||v||% (t) and the cumulative energy dissipation [ [|a1v||% (t) dt.

t<T L t=0 L

We assume that such bounds exist: we label them respectively as M and C for the field velocity
v. Obviously, for vi/, these bounds become: AM and AC. The last statement means that each
time we have a solution of Navier-Stokes equations with bounds M and C, then the solution
Vi1 is possible, with worsened bounds AM and AC. Blow-up can occur when the solution of
Navier-Stokes equations shifts its energy into increasingly finer and finer scales, thus
evolving more and more rapidly and eventually reaching a singularity in which the scales (in
both space and time) tend towards zero. In such a scenario, we lose obviously the
effectiveness of the bounds (and consequently the control) on the maximum energy and
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cumulative energy dissipation. For example, this is possible that at some time, a solution of

the equations shifts its energy from a spatial scale 1/A to 1/2X in a time of order 1/A%. And if
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this behavior repeats over and over again, this is clear that the solution is divergent. This

simple argument gives an intuitive view of the problem.

At this point, we can come back to what would happen if we could get a bound on ||V||L£4 (t)

for all times. With the relation ||v ||4 = 1||v||* , we understand that the bound in L4(IR3)
1/A 14 A L4

would become increasingly better for the velocity field vi/x when the parameter A is
increased. Under such conditions, it would be possible to understand intuitively that blow-

up could not occur.

§15. Fluid mechanics in relativistic Heavy-lons collisions

We recall that modern aspects of fluid mechanics cover more materials than liquid and gases
in the non-relativistic approximation. As already stated, the idea of exploiting the laws of
ideal fluid mechanics to describe the expansion of the strongly interacting nuclear matter
that is formed in high energetic hadronic collisions was proposed in 1953 by Landau. Of
course, in this context of particles moving at extremely high velocities, fluid mechanics has to

be understood in its relativistic limit, which brings some subtleties to the calculations.

When colliding 2 fast moving heavy ions, built up with many charged particles (picture 1),
the idea is that a zone of high density of charges will be formed (picture 2). Assuming local
equilibrium and depending on the equation of state of this nuclear medium, this overlap
region may reach the conditions that are described by an average (high) density and (high)

temperature. The local thermal equilibrium means that the microscopic collision time scale
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is much shorter than any macroscopic evolution time scales. The interest of such collisions is
that, having stored part of the available initial energy in compression and thermal excitation,
the collisions produce unique conditions of the nuclear matter not accessible otherwise. In
particular, this hot and dense matter is thought to be composed of strongly interacting quarks
and gluons. The next stage of the reaction is the relaxation of the energy density. The central
system is undergoing expansion, into the direction of largest gradients in density and

temperature (pictures 3 and 4), thus reducing its temperature and density.

Recent experimental results (from 2005 to 2014) provide conclusive evidences that the
created hot and dense matter produced in these collisions behaves collectively and has
properties resembling that of a nearly ideal relativistic fluid, following the theoretical ideas
formulated by Landau in 1953. We can write equations that describe the early stages of the
expansion (pictures 2 and 3). The most important assumption under these equations is that
the system can reach local thermodynamic equilibrium in a very short time. All
thermodynamic quantities (see §3) of a fluid element can then be defined under this
hypothesis, in the rest frame of the fluid element. The frame of reference is thus the local rest
frame. Next, we assume that the energy density (E/V) and pressure admit a first order
development around their initial values:

e(t,x) = eo(t,x) + 6€(t, x) and p(t,x) = po(t, x) + 6p(t, x).

Neglecting second order terms, it can be shown that the relativistic equations of motion read

(admitted here):

ov___1 v

ot €e+p

The conservation of energy reads:

€
=—(e+p)V.v.

ot
The energy density is decreasing as the velocity field is diverging (V.v > 0). Similarly, the

charge density (n) conservation reads:
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on

ot

We have 6 unknowns (p, € n, v) for 5 equations (stated above). We are missing the 6t

=—(n) V.v.

equation, the equation of state:

p = p(n,e).
This closes the system. In practice, this last equation can be expressed using the speed of
sound:
_dp(n,e)
5779

The last equation is not complete as we need to precise under which line the partial
derivative is taken. This is a subtle issue. However, following ideas developed in the non-
relativistic case, we can show that these lines correspond to: s/n=constant, where s is the
entropy density (S/V). We can re-write the equations of motion as:

v _ cz2 V(p)

J— S

at 1+ cZ p

In fact, the ideal fluid behavior is only approximate: a (small) degree of viscosity is required
for a proper description of the data (pictures 2 and 3) and the late stage of the expansion
needs a dedicated treatment as it appears to be too dissipative for a macroscopic fluid
dynamical approach. It must be described microscopically. The influence of the dissipative
stage on measured observables is large as the system in expansion spends a large fraction of
its history in this dissipative stage. Obviously, this makes the measurements quite difficult to

interpret but this is another story.

NAME- RIZWANA SULTANA
DESIGNATION-Guest Faculty
Mechanical Engineering Department 10¢



References (books)

Obviously, our presentation of fluid mechanics cannot be exhaustive, in particular concerning

real fluids.

To our view, the best reference ever written on fluid mechanics is: L. D. Landau and E. M.

Lifshitz [1968] Fluid Mechanics, Pergamon.

Another useful presentation of general fluid mechanics can be found in: G. K. Bachelor [1974]
An Introduction to Fluid Dynamics, Cambridge University Press, London. For what concerns
the regularity of solutions of Euler’s or Navier Stokes equations, many developments can be
found in: P. Constantin and C. Foias [1988] Navier-Stokes Equations, University of Chicago
Press, Chicago and London; R. Temam [1984] Navier-Stokes Equations, volume 2, Elsevier
Science Publishing Company, Amsterdam; or A. Bertozzi and A.]. Majda [2002] Vorticity and

incompressible flow, Cambridge texts in applied mathematics.

NAME- RIZWANA SULTANA
DESIGNATION-Guest Faculty
Mechanical Engineering Department 11¢



Appendix: useful mathematical inequalities

Basic inequalities

For real numbers:a > 0,b > 0, integers p and q > 0:

1 1 ar  ba
— +— =1 - ab <—+ — (Young’s inequality).
55 i ( g's inequality)

Proofs: We write: ab = exp[log(a) + log(b)], a= 0, b > 0. Then, by convexity of the

exponential function [elex+(1-0y] < qeX + (1 — a)eY], we get:

1 1 1 1 1
ab =exp[_.log(aP) + .log(b?)] < .expl[log(ar)] + .exp[log(b?)], with

p q p q q
1
=1—Banda20,b20.

This completes the proof.

Another simple way to make the proof is to consider the real function for positive real
numbers: f(x) = X+ L—x. We can easily show that f(x) = f(1) = 0. Then, using the relation
P q

x = a.b¥/(-D , this completes the proof, under the condition 1 + 1.

1=
p q

From the Young’s inequality, we can deduce immediately the following relation (a,b = 0):

For any real number § > 0, there exists C suchthat ab< 6ar+C .bq, C = _[Sp]— g We
5 5 5
aP —94pa

q

can write equivalently: for any € > 0, ab < e + [e] » o« (a,b>=0).

From the Young’s inequality, we can derive the important Hélder’s inequality. For sets of real

numbers (ai) and (bi), and positive integers p and g, we have:
1 1

1 1 n n B n a

NAME- RIZWANA SULTANA

DESIGNATION-Guest Faculty

Mechanical Engineering Department 111



E +—q =1 - Ylabil < Glail?) C|bil?)
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Proof: We define: A = |ai| /(" lailP)Ptand B = |bi|/(X™ |bi|9)% Then, we apply the Young’s

i=1 i=1
inequality to the product AB and sum over the index i. This gives the result, under the

condition: 1 + 1 = 1.
P q

Obviously, this holds also for measurable real valued functions fand g (@ = IR):
1 1

p q
If. gllLiy = SIf.gl dx < J1a° a

dx) (flgl dx) = lIfllwllgliaqy (with ~+

1
—=1).
q- Y

T | =

Here the proof relies on the definitions of A = |f|/||f|[Lr(q) and B = |g|/l|gl|Lecq).-

The Holder’s inequality, for p=q=2, corresponds to the well-known Cauchy-Schwarz

inequality. It can be formulated explicitly:

(@2+az+--+a?)(b2+b2+--+b2)=(@b +--ab )
1 2 n 1 2 n 11 n n

For this particular case, a simple geometric proof can be done. We note u the vector

(a1,az,..,an)and v(b1,bz,...,bn), then:
[lu. vz = [lall?[[v]|? cos(u, v) < [lull?||v]|2

This gives the result. Similarly, for real valued functions, we obtain (p=q=2):

2
(Jfgdx) < ([fadx) ([ g2dx) .

Applications of the Holder’s inequality

For any measurable real valued functions fand g (Q — IR), the Holder’s inequality reads:
1 1

- q
If. gl = SIfgl dx < ([If]P dx)P (S1gl9 dx)

1 1

= ||flltepllgllLacy (with p,q > 1: 5+a =1).
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The integrals are taken over the set (). In the most general case, () can be equal to the set IR?,
where n is the dimension of space, provided that the integrals are well-defined. The set Q can
also be a bounded subset of IR™. For n dimensions of space, the integral [|f.g| dx becomes

fIf.gI dV, where dV = dxi1 ...dxn is the infinitesimal volume element (. Also, we have:

1
IfllLecey = (J1f|P dV)P. Note that the inequality holds also for the particular case p =
oo, then q = 1. We obtain:

It gllLiey < Nfllie@llglliica)-

Here, ||f||lLoq) = {smallest C > 0,f < C for (almost) every pointin Q}. This means that

|Ifl[Loqy is the upper bound of the function fin Q. The above inequality is thus obvious.

The Holder’s inequality can be immediately generalized to different cases, assuming that (1 =

IR" or a bounded subset of it.

() 1+1+1=1 (withp,qr=1)felLr(Q)geLiQ)andh € Lr(Q), then

If. g hllL10) < [IfllLece)llgllacy [ThlLrq).
(ii) = 1; (withp,q,r = 1),f € Lr(Q) and g € La(Q), then f.g € Lr(Q) and
IIf. gllLry < [IflluoyllgliLacoy.-
(iii) 8+16=1 (withp<r<qand0<6<1) feLr(Q) NnLi(Q), then fe L(Q),

—0
1£llecay < NflIEn Il

This means that we can interpolate between higher and lower Lr(Q) sets to get
something in between. That's the reason why we can call this relation an

interpolation inequality for Lr({) sets.
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The proof of the last relation follows from the standard Hélder’s inequality after
writing:
el = [ [frdV = [ |f|or |f]a-9rav < |||f1e = [|1f]1C 7 _q

L () q Ler(Q) L(-6)r(Q)

This gives the result.

When the set () is bounded (in IR®), these inequalities become very useful to derive important
links between Lr(Q) norms (integrability) and regularity of functions. For example, if Q is an
interval [a, b] in IR (n=1), then we get the following properties.
(i) Ifq = p, then there exists a constant K which depends on (), p, q such that:
Iflltpc) < KllfllLay (q=p =1).
This can also be written as:
Li(Q) c () (g=p=1).
Explicitly, La(2) is embedded in LP(Q). A set of functions X is said to be embedded
in the set of functions Y (written as X c Y) if all elements (functions) in X are also in
Y. In addition, the relation between the norms in both sets X and Y is as written
above.
Namely, La(Q2) c Lr(Q2) (q = p = 1) is equivalent to the inequality
IfllLe ) < K [IfllLacay,
for some constant K(£, p, q). La(Q) is embedded in LP(2) can also be stated as: LP({2)
contains La(Q), or Lr(Q) D La(Q2) (q = p = 1). We let this proof as an exercise
(below).
This relation means that higher LP(Q) norms can control lower ones
(IIflley < K |IfllLa=p(qy)- In particular, this implies that functions that belong to

higher Lr(Q) spaces are more regular. This is only correct for a bounded set Q.

(ii) This also implies that, for any bounded set Q:
L1(Q) o Lr21(Q) D Lazr(Q)) o Le(Q).
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L1(Q) is the larger set. In particular for a bounded set L1(2) o L=(£), which means

that once fﬂ |f] dV is finite, then the function f: Q — IR is bounded up.

Exercise: Prove that, for a bounded set 2 and q = p > 1, then there exists a constant K which
depends on Q, p and q such that: [[f||Leq) < K [[f]|Lacq) (for q = p).
Solution: We have:

1

r

Iflltecy = (J L1fIPdv) < (J 1rdv) (J IfladV)
Q Q Q

1
q

T =

with ; - 3‘& = (Holder's inequality).

11

This gives the result, with K = (fQ 1 dV)P 4 (since Q is bounded).

First Sobolev’s inequalities

We now intend to present some links between the integrability and the differentiability of
these functions. This is an essential task as, at the end, we aim to study solutions of partial
differential equations (for example in the context of fluid mechanics). The general idea is that
it seems to be more difficult to obtain the differentiability than the integrability. We need to
develop this idea quantitatively with precise definitions. That’s the reason why we will define
some sets of functions which involve and index for differentiability and another index for

integrability.

We recall some basic definitions. In order to present first the formulae using simple
notations, we start with single real valued functions h: IR — IR. We assume that the

derivatives of h up to order k are well-defined. We note 0™h (m < k), these derivatives.
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Then, we define what is called a Sobolev’s set WkP(IR) as the set of functions h: IR — IR such
thath € Lr(IR) and dm=kh € Lr(IR). The second condition means that the derivatives of h, up
to order k, belong to LP(IR). As mentioned above, one index (k) stands for the differentiability

and one index (p) for the integrability.

We note:
WEkP(IR) = {h:IR — IR such that dmh € Lr(IR) for all 0 < m < k}. (with 9% = h)

In parallel, we can define a norm on this set as:

[Ih[P = Zllomh]l
WKP(IR) LP(IR)
m<k

Next, this definition can be extended immediately to functions f: IR» - IR (where n -the
dimensions of space- can be larger than 1). We write the formulae for the particular case n=3,

corresponding to 3-dimensional spaces (3D).

Let (m1, m, m3) be a set of 3 integers, such that m = m1 + mz2 + m3. We assume that the
derivatives of the function f are well-defined up to rank k, using the notation:
d
omf = 9mf = dmi gmy 5 ™F  fwithd" ' =( )™}

X X y Z X aX

The Sobolev’s set Wkp(IR3) of such functions is defined as:

WEkp(IR3) = {f: IR3 — IR such that omf € Lr(IR3) forall 0 < m = m1 + mz2 + m3 < k}.

In parallel, we can define a norm on this set as:

1Rilks = > |[omf]|P
WKP(IR3) LP(IR3)
mi1+mz+m3<k
With:
||oMf]|P =/ > |omf|p dV
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LP(IR3) IR3
m=m1i+m2+m3=M
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Obviously, we observe that the definitions for dimension 3 (or more generally n) follow
exactly those for dimension 1. Note that the case p = oo, is also well-defined with the
definition:

”fllwk.OO(IRn) = max ||amf”L°°(IR“) .
mi+---+mp <k

The particular case p=2 is essential for the following discussion. We write:
Hk(IRn) = Wk2(IRn)
Explicitly:

f: IR» - IR such that f € L2(IR") and omf € L2(IRn)

k ny —
HA(IRY) = { foralll<m=mi+mz+---+mn<k

).

We also use the name Sobolev’s set for HK(IR"). Moreover, Hk(IR") is a Hilbert’s space with

the inner product:
(W, V)grrny = f]R“ avi > dmu dmv].

m +---4+m <k
1 n

Where u and v are functions that belong to Hk(IR»).

Note that Hs(Q) can also be defined for real values of's. In this case, we need to generalize the

formula above. For simplicity, we provide the new definition for single real valued function:
IIfIIHZSI(R y=J (L + [E»s[EE)| *ds.

Here, f is the Fourier transform of the function f. Then the definition of Hs(IR) can (also) be
written as:
Hs(IR) = {f: IR — IR such that f € L2(IR) and (1 + |£|2)s/f € L2(IR)}.

Extension to dimension 3 (or n) is immediate.
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We give below 4 important Sobolev’s inequalities that follow the previous definitions and
properties. In general, any inequality which trades differentiability and integrability of
functions is called a Sobolev’s inequality. We understand below that this trade is one way: we
cannot generally sacrifice integrability to gain differentiability (as already mentioned). In the
following, we always assume that the functions are vanishing at the boundary of Q. If ) = IRn,
this means that functions are assumed to vanish at infinity. The theorems are not correct
otherwise. Also, we systematically mention whether the inequalities are given for 0 = IR" or

for QO = {bounded subset of IRn}.

i.  From the relation (1 + IEIZ)rTfE)lz <1+ |E|2)ST(E)|2 (s =), it follows the first
embedding theorem for Sobolev’s sets: Hs(2) € Hr(Q) (s =r).
ii. For any functions, u € Wp(IR?) (1 < p < n), then u € L»»/(®=P)(IR") and there
exists a constant C(n, p) such that:
ll /-1y < €C0, P - 119Ul orrny

This implies also the embedding relation:

||u||an/(n—p)(1Rn) < C(n,p). ”u”WLP(IR“)'

Or equivalently:

np_
WLp(IR") < LAi=p(IRn).
iii.  More generally, ifu € WiP(IR") (p < n) and p < q <np/(n —p), then u € La(IRn)

and there exists a constant C(n, q, p) such that:

||U||Lq(1Rn) < C(n,q,p) . ”au”Lp(IR“)-

For q < 22, the embedding relation holds only for a bounded subset of IR? (Q):
n—p

llullLaqy < C(n, q, p) - [lullwircoy-
Or equivalently:

WLr(Q) c La(Q).
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iv.  The last relation can be generalized to Wkr(IR?) with the updated result: for any

functions, u € Wkp(IR») (kp < n), then u € Lop/(—kp)(JR") and

”u”an/(n—kP)(]Rn) < Cnk p). ”aku”LP(IRn)-
This implies also the embedding relation, for any function u € Wkp(IRn):

”u”an/(n—kp)(IRn) < C(n, p) . ”u”Wk.p(IRn)-

Or equivalently:

_np.
Wkp(IRn) < Ln—kp(IRn).

A simple view of the above Sobolev’s inequalities can be given assuming a certain behavior
for the function u. Let us assume that u is a bump of size H and length L and this for all

dimensions of the space IR, This means that:

llullLagrm~[HIL"]1/a and [|0u][ pqrm~[(H/L)PLr]1/p.

Then, we can verify at which conditions we can get a Sobolev’s inequality (involving

”LI”Lq(IRn) and ||6u||Lp(IRn)) for all L and H:

lullLagrey < C . lloulltpcigny-

Equivalently, we can write:
HL"4 < C. HAL(®-P)a/p,
This implies that:a=1and1=1-1 orq = pn/(n—p).
Q p n

This method provides a general intuitive trick to re-derive quickly Sobolev’s inequalities.
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Exercise: Prove item (ii). For any functions, u € W1r(IR?) (1 <p < n), then u € Lnp/(®-p)(IRn)
and there exists a constant C(n, p) such that:

ull /sy < €, D) - 10Ul
Solution: Essentially, the proof uses the Holder’s inequality several times. This kind of proof
is not difficult per se but requires a good organization. First, we need to show the result in
the simpler case: p=1. Then, it will be possible to generalize (see later) to the general case
for all p values. For the case p=1, we need to show that, for any function u € WL1(IR») (1 <

n), there exists a constant C(n) such that:
all ey < C@) - 19ulls g

Explicitly, we need to derive the formula:

n

n—1

Jlu|/@=b dv < C(n) (J19u] dV)

Where the integrals are taken over the all space IR and thus, dV is a volume element of IR".

The first step is to make a derivative appear using a simple identity:
Xj
uxt, .., xn) = [ ou(..., aj, ... )daj.
—00

The derivative inside the integral is taken on the jth variable of the function, and this is this
variable which is integrated over. Then, taking the absolute values on both sides, the

inequality follows:
Xj
lu(xt, .., xn)| < [ |0u(..., aj, ... )|da;.
Repeating this process n-times for all variables of the function u(xs, ..., xn), we obtain a

product from j=1 to n. At this stage, we get:
1/(n-1)

n X

j
lu(x1, ..., xn) [V D < [G [ |9ju(...,aj, ...)|daj]

=1~
As the integrand on the right hand side is positive (absolute value), all integrals can be

extended up to +oo. Hence, we can write:
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n © n n . 1/(n—1)

luY®-D < [G [ |djuldaj] =G [[ |[dju|daj]
The next step of the proof consists in integrating this inequality, over X1, X2,...Xn, in order to

derive a bound for [|u|"/™~1 dV. We start by integrating over x1:

oo o N 00 n_ll

[ Juvo-Ddxi <[ GI[J |0ju|da] .dxu.

But, for what concerns the integral over xiof the right hand side part of the inequality, all

terms that do not depend on xiare thus constant of x1, and can then be taken out of the
1
integral over xi. This is obviously the case for [fjom|61u|da1]“—1 in which the variable xiis

integrated over. We obtain:

1
n—1

j=]
R

1 n

n
J GI[J |0juldaj] .dxi=[f |dwldai] S GI[f |9juldaj] .dxu.
This is the stage where the Holder’s inequality can be applied to
e [f” |6ju|daj]ni1—. dx1. We recall that:

-0 jT2 —w
1 1
Jff.fd<IflP = @ ™ with 4+
12 o dx) . fa d¥) o E:L
This leads to:
1
o N © n—_:ll n . n—1
J GI[J |0juldaj] .dx1 <[G ff |0ju|dajdxi1]
All together at this stage, we have:
1
0 © n_ll n o) n—1
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Following the same strategy, as mentioned above, we now integrate the last inequality over

X2:
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[ Ju™@=D, dx,dx,

-1 1 4

1
oo n— oo 0o n—1 0 n—

[uiy

1

<[Jf l|0z2uldxidaz] .J [J |0iuldai] GI[Jf |9juldxida;] dxe.

—00 —00 —00 —00

j=3

Again, for what concerns the integral over xzof the right hand side part of the inequality, all

terms that do not depend on xzare thus constant of x2, and can then be taken out of the
1
integral over x2. This is the case for [ff_ozolazuldmdaz]“—l in which the variable x2 is

integrated over.

o) 1 ) 1
Be careful: this is not [[[ |01u|daidxz2]»—* The term [/ |d1u|da1]»—+is still in the integral

over x2 as this is a function which depends on x2. However, following the same line of process

as before, we can apply the Hoélder’s inequality to:

[ |01uldai]>=L " [~ |9ju|dx1daj]n—t-dxe.

—00 —oo0 j=3 —oo

Then obtain:

[ ™™D, dx,dx,
1

1 1 —
oo n—1 0o -1 0 o n—1

< [Jf |02uldxidaz] .[ff |d1uldaidx2] .[G ff |9ju|dxidxzdaj]

—co —oo

j=3
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We _can follow mmr‘ﬂy the same process hy integrating over all the other variables. We end

up with:

JTu|@=1 dv < (f pu] dv)

n

n—1

This completes the proof for p=1. For any p values, we need to prove that:
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(n—p)/(np) 1/p
[ |u[Pr/®=P) qV] < C(n,p) (J10ulp dV)

The idea is to simply apply the relation derived for p=1, not to the function u, but to |ul".

The following inequality holds:

_n _n
-1 -1
[laP™/@=0 av < (flalul"dv)” " = (v flul*"oul dv)"
Using the Holder’s inequality, we can express:
1 1
q p .1 1
vy fluly=10u] dV < y [[|u|@=Da dV] [[|dulr dV] with f’+ a= 1.

By choosing o= (y — 1)qg, we have:

1-n/q(n—-1) =l

S JulmoT av] < yoo1 [flaulp av)™ Y,

Using the relations ;+;—= 1 and o= (y — 1)q, wecan see immediately that the last

inequality is equivalent to:

(n—p)/(np) 1/p
[[u[P/@=P) qV] < C(n,p) (J|dul» dV)
Note that it is standard to write:
« _ —pPn
p = .
n—p
Then, we can write:
1/p* 1/p

[flulP*dv] < C(n,p) (JIoulP dV)
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Poincaré’s inequality
For any functions, u € Wir(Q) (Q bounded subset of IR"), there exists a constant C(n, p)
such that:

llullipy < C(n, p) . [10ullpq)-
This is called the Poincaré’s inequality. The general idea is that this inequality gives a way to
estimate the LP(Q2) norm of a function in terms of the LP(Q2) norm of its derivative. Explicitly,
this relation reads:

[ JuGa, e x)lPdV < Cp) .S 3129 av.

oxi
Q Qi

Further Sobolev’s theorems
We have already presented an interpolation inequality for LP({) sets:

for any function f € Lr(Q) N La(QQ), then f € Lr(Q) and [|f][urq) verifies:
1-6 6 1-06 1

0
Ifllrc) < Nfllocoy 11l Laca) provided that ;+ —_"
q r

withl<p<r<q<wand0<0<1

Similarly, there exists an interpolation inequality for Sobolev’s sets HP(IR"). For any real
values 0 < s1 < s2 < o0, and for any s € [s1, s2]

such thats = 0s1 + (1 — 0)s2 with 0 < 0 < 1, we have:

If u € Hst(IR®) N Hs2(IR®), then u € Hs(IR®), and

0 1-0
llullusarey < |[ullgsigrmllull gszqrmy (s = 0s1 + (1 — 6)s2)

This means that we can interpolate between higher and lower Hs(Q) sets to get something in

between.
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We now discuss a final useful inequality, usually called the Gagliardo-Nirenberg-Sobolev’s

inequality. This is also an interpolation inequality, complementary of the previous relation
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between sets Hs(IR®), Hs1(IR") and Hs2(IRn). It follows closely the interpolation inequality

for Lr(Q) sets, recalled above.

For any function u € W'p(IRn) N Wid(IRn), then u € Wkr(IRn) and there exists a universal

constant C>0 (independent of u) such that:

_ 1 k
<clou)’ o)
|8k -

LI(IR™) LP(IRY) LIGRY) provided that

1 1 . r n
=e(l—_)+(1—9)(_—*).
p n q n

This is called the Gagliardo-Nirenberg-Sobolev’s inequality or simply the interpolation
inequality. Remark thatitholdsfor0 <6 <1,j<k<land1<p<r<q<oo.
For a bounded subset of IR" (), we have in addition:

[} 1-6
lullyercay < ClulSnq Nulliio -

We can apply this interpolation inequality to a particular (interesting) case:

10 ullorey < Cll2ull?e, o llull?y

L IR L IR

ny

1
Here, we can use the scaled Young’s inequality to C|I62u||2p( n)IIuIIép( -

L IR L IR
aP _9bd

Foranye >0, ab<e D +[g] P ry (a,b = 0).

Hence, there exists a constant 6>0 such that:
loulliearny < 8110%ullpqrn+Csllullprny.
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This means that the LP norm of du is controlled by the LP norms of d2u and u.
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